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Abstract. For a real or complex one-dimensional map satisfying a 
weak hyperbolicity assumption, we study the existence and statistical 
properties of physical measures, with respect to geometric reference mea- 
sures. We also study geometric properties of these measures. 

1. Introduction 

We study statistical properties of real and complex one-dimensional maps, 
under weak hyperbolicity assumptions. For such a map / we are interested 
in the existence and statistical properties of an invariant probability mea- 
sure V supported on the Julia set of /, that is absolutely continuous with 
respect to a natural reference measure. The reference measure [i could be 
the Lebesgue measure on the phase space, or more generally a conformal 
measure supported on the Julia set. When ergodic, such an invariant mea- 
sure V has the important property of being a physical measure with respect 
to /i. That is, for a subset E of the phase space that has positive measure 
with respect to //, the measure v describes the asymptotic distribution of 
each forward orbit of / starting at E. 

For maps that are uniformly hyperbolic in their Julia set, the pioneering 
work of Sinai, Ruelle, and Bowen |Sin7 2[ 'Bow75| IRue76| gives a satisfactory 
solution to these problems. See also [Sul83j for an analysis closer to the 
approach here. However, a one-dimensional map with a critical point in 
its Julia set fails to be uniformly hyperbolic in a severe way. In order to 
control the effect of critical points in the Julia set, people often assume strong 
expansion along the orbits of critical values. See for example |CE80| IMisSH 
INvS91[ IKN92[ IYou92[ IBLVS03| in th e real setting, and |Prz98[ IGS98a[ IGS09] 
in the complex setting. See |BDV05j for a broad view in the one-dimensional 
setting, as well as in the higher dimensional one. 

In this paper, for a one-dimensional map / satisfying the Large Derivatives 
condition: 

lim = oo, for each critical value f of / in the Julia set, 
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together with other mild conditions, we shall construct a super-polynomially 
mixing absolutely continuous invariant measure. Our results imply that this 
measure has several statistical properties, such as the (Local) Central Limit 
Theorem, and the Almost Sure Invariant Principle. 

We shall now state two results, one for the real case and another for the 
complex case, and make comparisons with previous results. In order to avoid 
technicalities, we state these results in a more restricted situation than what 
we are able to handle. See §2. II for a more general formulation of our results, 
and for precisions. 

Recall that given a continuous map / acting on a compact metric space X, 
an /-invariant Borel probability measure v is called (strongly) mixing if for 
all G v), 

'Wni<f,'(p):= / fof^tpdi/- / ipdu / ^pdv —S' 
Jx Jx Jx 

as n — )• oo. Given 7 > 0, we say that is polynomially mixing of exponent 7 
if for each essentially bounded function ip and each Holder continuous func- 
tion ip, there exists a constant C{ip,ip) > such that 

\'^ni^,ip)\ < C{^p,ij)n-^, for all n= 1,2,.... 

Moreover, we say that 1/ is super-polynomially mixing if for all 7 > it is 
polynomially mixing of exponent 7. 

Theorem I. Let X be a compact interval and let f : X ^ X be a topo- 
logically exact multimodal map with non-flat critical points, having only 
hyperbolic repelling periodic points. Assume that for each critical value v of f 
we have 

lim \Df''{v)\ = 00. 

n— f 00 

Then f has a unique invariant probability measure that is absolutely contin- 
uous with respect to the Lebesgue measure. Moreover this invariant measure 
is super-polynomially mixing. 

The topological exactness is assumed to obtain uniqueness and the mix- 
ing property of the absolutely continuous invariant measure. For an interval 
map as in the theorem, the existence of the absolutely continuous invariant 
measure was proved before in |BSvS03l IBRLSvSOS] , although the argument 
in this paper provides an alternative proof. Our result on mixing rates sig- 
nificantly strengthens the previous result |BLVS03] , where super-polynomial 
mixing rates were only proved under the condition that for each a > and 
each critical value v of /, we have \D (v)\ / n"' — )• 00. In fact, only assuming 
that liminf„_^oo \ Df"{v)\ sufficiently large, our methods provide a definite 
polynomial mixing rate. 

We now state a theorem for complex polynomials. For these maps the 
Lebesgue measure of the Julia set is typically zero. So the Lebesgue mea- 
sure cannot be used as a reference measure in general. Instead people often 
use a conformal measure on the Julia set as a reference measure. Following 
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Sullivan jSul83) . we use conformal measures of minimal exponent as geomet- 
ric reference measures. For a complex polynomial / : C — )• C of degree at 
least two, we denote by J(/) its Julia set, and by HD(J(/)) the Hausdorff 
dimension of J(/). 

Theorem II. Let / : C — )• C 6e a complex polynomial map of degree at 
least two, that is at most finitely renormalizahle, and that has only hyperbolic 
periodic points. Assume that each critical value v of f in the Julia set satisfies 

lim \Df'^{v)\ =00. 

n— ^00 

Then f has a unique conformal measure fi of exponent HD(J(/)), and this 
measure is supported on the conical Julia set, and its Hausdorff dimension 
is equal to HD(J(/)). Furthermore, there is a unique invariant probability 
measure v that is absolutely continuous with respect to ji, and the measure v 
is super-polynomially mixing. 

Recall that for an integer s > 1 we say that a complex polynomial / is 
renormalizable of period s, if there are Jordan disks U V such that the 
following hold: 

• : J7 — 7- y is proper of degree at least two; 

• the set {z G [/ : G U for all n = 1,2,...} is a connected 
proper subset of J(/); 

• for each c G Crit(/), there exists at most one j G {0, 1, . . . , s — 1} 

with cG p(;7). 

We say that / is infinitely renormalizable if there are infinitely many s for 
which / is renormalizable of period s. 

We show a result similar to Theorem |IT] for rational maps satisfying the 
summability condition with exponent 1. The results on mixing rates are new 
even for maps satisfying the summability condition with a sufficiently small 
exponent, as considered in |GS09| . 

Remark 1.1. In the proof of Thoerems HI and HIl we construct the absolutely 
continuous invariant measure through an inducing scheme with a super- 
polynomial tail estimate, that satisfies some additional technical proper- 
ties, see §2.21 The results of |You99) imply that this measure is super- 
polynomially mixing and that it satisfies the Central Limit Theorem for 
Holder continuous observables. It also follows that the absolutely contin- 
uous invariant measure has other statistical properties, such as the Lo- 
cal Central Limit Theorem, and the Almost Sure Invariant Principle, see 
e.g. ; Gou05[ IMNOSI IMNOSi ITKOS] . 

If / is a map satisfying the hypotheses of Theorem [T] or Theorem |TT1 or 
if / is a complex rational map satisfying the summability condition with 
exponent 1, then we show the density of the absolutely continuous invariant 
measure has the following regularity: if we denote by i the maximal order 
of a critical point of / in the Julia set, then for each p G {0,£/{i — 1)) 
the invariant density belongs to the space L^. We note that the invariant 
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density does not belong to for each p > see Remark 12. 141 In the 

real case the regularity of the invariant density was shown in |BRLSvS08[ 
Main Theorem]; see also |NvS91| for the case of unimodal maps satisfying a 
summability condition with a certain exponent. In the complex setting our 
result seems to be the first unconditional one. For rational maps satisfying 
a summability condition with a sufficiently small exponent, a similar result 
was shown in jGS09[ Corollary 10.1] under an integrability assumption on 
the conformal measure fj,, that was first formulated in |Prz98j . Actually, in 
the complex case we shall prove for each e > the following regularity of 
the conformal measure fi: for every sufficiently small 6 > we have for every 
X G J(/), 

^HD(J(/))+. < ^(^B{X,6)) < 5HD{J{/))~.. 

The lower bound is |LS08l Theorem 1], while the upper bound is new and 
implies the integrability condition for each exponent r] < HD(J(/)), see §2.11 
Non-uniform estimates of this type, valid for almost every point with respect 
to /i, were obtained in [GS09', Proposition 8.1] for rational maps satisfying a 
summability condition with a sufficiently small exponent. 

For a map / as in the previous paragraph, we show that several notions 
of fractal dimension of the Julia set coincide (Theorem IF] in ^2.4p . that every 
point in the Julia set outside a set of Hausdorff dimension zero is conical 
(Corollarv 16. 3p . and that the Julia set is locally connected when connected 
(Corollary 12. 6p . We also show that the Julia set of a map satisfying the 
hypotheses of Theorem HTl has Hausdorff dimension less than 2 (Corollarv iDl 
in ^2.2.4p and is holomorphically removable (Theorem [Clin ^2.4p . 

The maps satisfying the assumptions of Theorem |T] or of Theorem |IT1 as 
well as those rational maps satisfying the summability condition with expo- 
nent 1, share an important property called "backward contraction" (Defini- 
tion 12. ip . We obtain Theorems [Ij and |IT| as direct consequences of a more 
general result for backward contracting maps satisfying some additional, but 
rather mild, assumptions. We state this result as "Main Theorem" in ^ The 
proof of the Main Theorem is divided into two independent parts. In the 
first part we show two properties of backward contracting maps. The first 
- and rather surprising - property is that the components of the preimages 
of a small set shrink at least at a super-polynomial rate, provided the map 
is "expanding away from critical points" (Theorem lAl in §2.2.ip . This last 
condition always holds for interval maps and at most finitely renormaliz- 
able polynomials without a neutral cycle. The second property of backward 
contracting maps that we show is an upper bound on a parameter we call 
"badness exponent", see §2.2.21 The badness exponent turns out to be very 
useful. In particular, it gives an upper bound for the Hausdorff dimension of 
the complement of the conical set. We show the badness exponent of a back- 
ward contracting map is zero (Theorem IbI in §2.2.2p . The second part of the 
proof of the Main Theorem is concerned with the induced Markov mappings 
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introduced in jPRL07| . defined for a class of maps including backward con- 
tracting ones. For a map admitting such inducing Markov mappings we give 
a tail estimate in terms of the rate of shrinking of components of preimages 
of small sets, and of the badness exponent only (Theorem ICl in §2.2.3p . In 
the proof of the tail estimate a Whitney decomposition type argument orig- 
inated in |PRL08| plays an important role. In the case of a map satisfying 
a super-polynomial shrinking condition we obtain an induced Markov map- 
ping with a super-polynomial tail estimate. We also obtain the existence of a 
geometric conformal measure using the method of jPRL07| . The existence of 
a super-polynomially mixing absolutely continuous invariant measure then 
follows from a well-known result of Young |You99| . The result on the reg- 
ularity of the invariant density is obtained through an upper bound of the 
Poincare series (Theorem [El in |7|. 

2. The Main Theorem and reduced statements 

In this section we recall the definition of backward contracting maps, 
and then state our Main Theorem ( §2.ip from which we deduce Theorems H] 
and|TT]as direct consequences. Then we state five intermediate results. The- 
orems |A1[B10 and [E1 and Corollary [P] ( ^2^ . and deduce the Main Theorem 
( §2.3p . Finally, in §2.4l we state some further results, which are proved in |71 

The proofs of Theorems |Al |B1 and O are independent, and are shown 
in §® m and |6l respectively. Corollary [D] is deduced from Theorem [C] in 
§6.41 The proof of Theorem [E] depends on Corollary [D1 and it is given in |71 

2.1. Backward contracting maps and the Main Theorem. We say 

that a map f : X ^ X from a compact interval X of M into itself is of 
class with non-flat critical points if / is of class on X and satisfies 
the following properties: 

• / is of class outside Crit(/) := {x G X | Df{x) = 0}; 

• for each c € Crit(/), there exists a number > 1 (called the order 
of f at c) and diffeomorphisms (/>, ^/^ of M of class with (f){c) = 
'ip{f{c)) = such that, 

|Vo/(x)| = |0(x)|^= 

holds in a neighborhood of c in X. 

We use to denote the collection of all interval maps with non-flat 
critical points and which are boundary- anchored, i.e., for each x £ 5dom(/), 
we have f{x) £ (9dom(/) and Df{x) ^ 0. The last condition is convenient 
when considering pull-backs of sets. 

We use to denote the collection of all rational maps of degree at least 2. 
As in the real case, for / G we denote by Crit(/) the set of critical points 
of /, and for each c G Crit(/) we denote by Ic the local degree of / at c, that 
we will also call the order of f at c. 

For f £ £/ := £/^L)£/c, we denote by dom(/) the Riemann sphere C if / is 
a complex map, and the compact interval where / is defined otherwise. The 
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Julia set J{f) of / is, by definition, the set of all points x £ dom(/) with the 
following property: for any neighborhood U of x, the family {/"|[/},^g is 
not equicontinuous. This is a forward invariant compact set. We shall mainly 
be interested in the dynamics on J(/) where the chaotic dynamical behavior 
concentrates. It is known that for / G s^Ci the set J(/) is the closure of 
repelling periodic points and that for / G with no neutral cycles, J(/) 
is the complement of the basins of periodic attractors. See jMilOG] and 
|dMvS93) for more backgrounds. 

For maps without critical points in the Julia set all of our results are either 
well-known or vacuous. So for f £ £/ we will implicitly assume that the set 

Crit'(/) := Crit(/)n J(/), 

is non-empty. We also put, 

(/) := max{4 | c G Crit'(/)}. 

Given ^ > 1 we will denote by (resp. £^ci^)) the class of all 

those f £ ^ (resp. £/c) such that £max(/) < ^■ 

Recall that for / G £/c^ the map / : J(/) — )• J{f) is topologically exact, 
i.e., for any non-empty open subset U of J(/) there exists > 1 such that 
f^{U) = J{f). It is however too restrictive to assume an interval map to be 
topologically exact on the Julia set and boundary-anchored simultaneously. 
For this reason we introduce the following definition. We say that a map 
/ G is essentially topologically exact on J{f) if there exists a forward 
invariant compact interval Xq containing all critical points of / such that 
/ : J(/|Xo) — )• J(/|Xo) is topologically exact and such that the interior of 
the compact interval dom(/) is contained in IJn^o /~"(^o)- 

We will now recall the "backward contraction property" introduced in |RL07| 
in the case of rational maps, and in |BRLSvS08| in the case of interval maps. 
Let / G =2^^ be given. When studying / G we use the standard metric on 
the interval dom(/), while when studying / G jz^C) we shall use the spheri- 
cal metric on C. For a critical point c and > we denote by B{c,5) the 
connected component of f~^{B{f{c),S)) containing c. 

Definition 2.1. Given a constant r > 1 we will say a map f £ £/ is backward 
contracting with constant r if there is (5o > such that for every 5 £ {0,So), 
every c G Crit'(/), every integer m > 0, and every connected component W 
of r^{B{c,r6)), 

dist(iy,/(Crit(/))) < 6 implies diam(VF) < 6. 

Furthermore, we say that / is backward contracting, if for every r > 1 it is 
backward contracting with constant r. 

Remark 2.2. The specific choice of metric we used is not important. If we 
use a different conformal metric, then we obtain a different class of backward 
contracting maps for which the results in this paper hold with the same 
proof. Observe that the Koebe principle is still valid independently of the 
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choice of the conformal metric used to measure norms, since the ratio of two 
different conformal metrics is a positive continuous function. Furthermore, 
cross-ratios are only affected by a bounded multiplicative constant, so the 
results from §3.31 remain essentially unchanged. 

Definition 2.3. We say that a map / E is expanding away from criti- 
cal points, if for every neighborhood V' of Crit'(/) the map / is uniformly 
expanding on the set 

A = {ze J{f) I for every n > 0, /"(z) V'}, 

i.e., there exist constant C > and A > 1 such that for any z €z A and 
n > 0, we have \DP{z)\ > CA". 

Note that this property implies that / has no neutral cycle in the Julia 
set. On the other hand, a theorem of Mane asserts that every map / G 
without neutral cycle in the Julia set is expanding away from critical points, 
see |Mis8H ldMvS93] . Although the analogous statement for maps in ^/q is 
false in general, it does hold for at most finitely renormalizable maps having 
only hyperbolic periodic points, see |KvS09) . and also |QY09| for the totally 
disconnected case. 

For a map / in and a > 0, a conformal measure of exponent a for / 
is a Borel measure on dom(/) such that for each Borel set U on which / is 
injective we have 

^^{fiU)) = [ \Dfrdf,. 
Ju 

On the other hand, the conical Julia set Jcon(/) of f is the set of all those 
points X £ </(/) for which there is 5 > and infinitely many integers m > 1 
satisfying the following property: f"^ induces a diffeomorphism between the 
connected component of f^"^{B{f'^{x),6)) containing x and B{f™'{x),5). 

For a subset A of M, or of the Riemann sphere C, we denote by HD(A) 
the Hausdorff dimension of A and by BD(^) (resp. BD(A)) the upper (resp. 
lower) box counting dimensions. See for example |Fal90| for the definitions. 

The Hausdorff dimension of a Borel probability measure on X = R 
(or C) is defined as 

HD(/i) = inf{HD(y) : Y C X,n{Y) = 1}. 

By definition, a hyperbolic set A of / G i?/ is a forward invariant compact 
set on which / is uniformly expanding. The hyperbolic dimension of a map 
/ E .e/ is by definition, 

HDhyp(/) := sup{HD(A) | A is a hyperbolic set} . 

Main Theorem. For every £>l,/i>0, e>0, 7>1 and p G ^0, 

there is r > 1 such that the following properties hold. Let f £ be 
backward contracting with constant r, expanding away from critical points, 
and such that HD( J(/)) > h. Suppose furthermore in the case f £ that f 
is essentially topologically exact on the Julia set. Then the following hold: 
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1. There is a conformal measure ji of exponent HD(/) which is er- 
godic, supported on Jcon(/) (^nd satisfies HD(/^) = HD(J(/)) = 
HDhyp(/). Any other conformal measure supported on J{f) is of 
exponent strictly larger than HD(J(/)). Furthermore, for every suf- 
ficiently small 6 > we have for every x G 

(2.1) /x(B(x,,5)) < 

2. There is a unique invariant probability measure v that is absolutely 
continuous with respect to /i, and this invariant measure is polynomi- 
ally mixing of exponent 7. Furthermore, the density of u with respect 
to fi belongs to L^(|u). 

Note that if J(/) has positive Lebesgue measure, then the measure fi 
is proportional to the Lebesgue measure, since after suitable normahzation 
the Lebesgue measure on J{f) is clearly a conformal measure of exponent 
HD(J(/)). In fact, this is already the case if J(/) has same Hausdorff 
dimension as the domain of /. See part 1 of Corollary |D] in ^2.2.41 

Note that (12. ip implies that for each r] G (0,HD(J(/)) — e) the confor- 
mal measure /i satisfies the following integrability condition, first introduced 
in |Prz98j : see also |GSn9l §10]. 

There is a constant C > such that for each xq G J{f), 

/ dist{x, xo)~^' dfi{x) < C. 
Jj(f) 

Let us now deduce Theorems H] and [TTl from the Main Theorem. 

Fact 2.4. A map f is backward contracting if one of the following holds: 

1. / G =2^, / has no neutral periodic points, and for all c £ Crit'(/), 
we have \Df"'{f(c))\ — )• 00 as n ^ 00, or; 

2. / G £/c is a polynomial that is at most finitely renormalizable, has 
only hyperbolic periodic points, and is such that for all c G Crit'(/), 
we have \Df^{f{c))\ — )• 00 as n ^ 00. 

2'. / G £/c is a rational map without parabolic periodic points, and such 
that for all c G Crit'(/), we have ^^^^^ |D/"(/(c))|-i < +00. 

Proof. These are |BRLSvS08[ Theorem 1], [LS091 Theorem A] and |RL07[ 
Theorem A], respectively. The first result is stated for maps without a 
periodic attr actor, but the proof works without change under the current 
assumption. □ 

Proof of Theorem We may extend / : X — )■ X to be a boundary-anchored 
map f : X X with all periodic points repelling, Crit(/) = Crit(/) and 
such that int(X) C {J^=q f~'^iX). Then / is essentially topologically exact 
on the Julia set. By Fact 12.41 (1), / is backward contracting. By Marie's 
theorem, / is expanding away from critical points. So, by the Main Theorem, 
/ has an invariant measure v that is absolutely continuous with respect 
to the Lebesgue measure, and that is super-polynomially mixing. (Since 
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J(/) = X has positive measure, the conformal measure is proportional to 
the Lebesgue measure on X.) Note that v is supported on X, so it is an 
invariant measure of / with the desired properties. □ 

Proof of Theorem\l^ By Fact 12.41 (2), / is backward contracting. By ei- 
ther |KvS09| or |RL07| Corollary 8.3], / is expanding away from critical 
points. Since HD(J(/)) > 0, applying the Main Theorem completes the 
proof. □ 

2.2. Reduced statements. 

2.2.1. Polynomial Shrinking. 

Definition 2.5. Given a sequence & = {9n}^=i of positive numbers, we 
say that a map f £ satisfies the Q -Shrinking Condition, if there exists 
constants p > and C > such that for every x £ Jif), and every inte- 
ger m > 1, the connected component W of /))) containing x 
satisfies 

diam(H^) < C9„,. 

Given /3 > we say that / satisfies the Polynomial Shrinking Condi- 
tion with exponent /3, if / satisfies the 0-Shrinking Condition with Q : = 

Theorem A. For every £ > 1 and /3 > there is r > 1 such that each 
map in ^ {£) that is expanding away from critical points and that is backward 
contracting with constant r satisfies the Polynomial Shrinking Condition with 
exponent (3. 

In what follows, for a map f £ £/ we denote by /3max(/) the best polyno- 
mial shrinking exponent of /, i.e., 

/3max(/) := sup{/3 > : / satisfies the 

Polynomial Shrinking Condition with exponent /?} U {0}. 

The following result is a direct consequence of Theorem El of |Mihn8[ 
Theorem 2], and of |RLn7[ Corollary 8.3]. 

Corollary 2.6 (Local connectivity). For every integer £ > 2 there is r > 1 
such that for any f £ ^/q {£) that is backward contracting with constant r and 
has no parabolic periodic points, the Julia set of f is locally connected when 
it is connected. 

2.2.2. Badness exponent. Let us start with introducing "nice sets". For / E 
£/, a set V, and an integer m > 1, each connected component of f~"^{V) is 
called a pull-back ofV by f^. 

Definition 2.7. For a map / e (resp. / € M:), we will say that 
V C dom(/) is a nice set if the following hold: 

• y is disjoint from the forward orbits of critical points not in J{f) 
and periodic orbits not in J{f); 
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• each connected component of V is an open interval (resp. topological 
disk) and contains precisely one critical point of / in J(/); 

• for every integer n > 1 we have f^(dV) OV = f/i. 

For c S Crit'(/) we denote by the connected component of V contain- 
ing c. A nice set V is called symmetric if for each c E Crit'(/) we have 
f{dV^) C df(V^). Moreover, a (symmetric) nice couple for / is a pair of 
(symmetric) nice sets (V, V) such that V C V, and such that each pull-back 
of V intersecting V is contained in V. 

The following fact is proved for maps in ^/q in |RL07| Proposition 6.6]. 
See Lemma 13.131 for the general case. 

Fact 2.8. For each I > 1 there is a constant r > 1 such that each f S 
£/ (i) that is backward contracting with constant r possesses arbitrarily small 
(symmetric) nice couples. 

Fix / S and a set V. If a component W of V, we define dv{W) = 1. 
If is a pull-back of V by we define an integer dyiW) > 1 in the 
following way: 

• If / is a rational map, then dv{W) is the degree of f"^ : W —?■ f"^{W), 
i.e., the maximal cardinality of f~"^{x) D W for x G V. 

• If / is an interval map, then dv{W) := 2^, where N is the num- 
ber of those j £ {0, . . . , m — 1} such that the connected component 
of /-(™-i)(y) containing P{W) intersects Crit(/). 

When V is clear from the context, we shall often drop the subscript V, and 
write d{W) instead of dv{W). 

Let V be an open set and let be a pull-back of V by If /"^ is a 
diffeomorphism between W and a component of V, then we say that W is 
a diffeomorphic pull-back of V. Note that in the case when / is a rational 
map, this occurs if and only if /™ is univalent on W. 

Definition 2.9. Given f £ £/ and an open set V, we will say that a pull- 
back W of V hy /™, m > 1, is bad, if for every integer m' G {1, . . . ,m} 
such that f^'{W) C V the pull-back of V by containing W is not 
diffeomorphic. Furthermore we denote by *Bm(^) the collection of all bad 
pull-backs of V by /"^ and put 

{oo 
t > : ^ dv{W) diam(l^)* < oo 

m=ivye<8m(y) 

The badness exponent of f is defined as 

(2.2) 5bad(/) := mi{6h!,d{V) : V is a nice set of /}. 

We shall prove in Lemma 13.91 that (^bad(^) < ^^badl^') for any nice sets 
V C V . Thus if we have a sequence of nice sets Vi D V2 D • • • \ Crit'(/), 
then (5bad(/) = lim <5bad(K)- 
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Theorem B. For every £ > 1 and t > there is a constant r > 2 such that 
for each map f €z that is backward contracting with constant r, we have 

hadU) < t- 

Remark 2.10. The arguments in Lemmas 7.1 and 7.2 of [ PRL07) show that 
the badness exponent of a rational map satisfying the Topological Collet- 
Eckmann (TCE) condition is zero. Restricting to the class of rational maps 
with a unique critical point in the Julia set, our Theorem [B] is significantly 
stronger, since for these class of maps the TCE condition is equivalent to 
the Collet-Eckmann condition |PrzOO) . In fact, a map with several critical 
points in the Julia set that satisfies the TCE condition need not be back- 
ward contracting. For example, there exist at most finitely renormalizable 
polynomials that satisfy the TCE condition and that have a critical point in 
the Julia set with Lyapunov exponent equal to — oo, see for example tPR98[ 
§5]. By |LS09[ Theorem B], such a map cannot be backward contracting. 

In view of the results that follow, it would be interesting to have an answer 
for the following question: 

Question 2.11. For / G i^, does /3max(/) = oo imply Sbadif) =0? 

2.2.3. Canonical inducing Markov mapping. Through an inducing scheme, 
we can convert Theorems |A] and [B] into statistical properties of maps f G 
which are backward contracting. The following definitions appeared first 
in jPRLOT]. 

Given a nice couple (V, V) of /, we say that an integer m > 1 is a good 
time for a point x if f^{x) E V and if the pull-back of V containing x 
is diffeomorphic. We denote by D the set of all those points in V having 
a good time, and for each x £ D we denote by m{x) the least good time 
of x. Note that m{x) is constant in any component W of D, so m{W) 
makes sense. We say that m(x) (resp. m{W)) is the canonical inducing 
time of X (resp. W) with respect to (y,V). The canonical induced map 
associated to the nice couple (V, V) is by definition the map F : D ^ V 
defined by F{x) = f'^^^\x). We denote by J{F) the maximal invariant set 
of F, which is equal to the set of all those points in V having infinitely many 
good times. 

Let s^* be the set of / G ^ which satisfies the following: 
(Al) / is expanding away from critical points; 

(A2) Crit'(/) 7^ and / has arbitrarily small symmetric nice couples; 
(A3) if / G i2^iK, then / is essentially topologically exact on the Julia set. 

We say that a sequence {9n}'^=i of positive numbers is slowly varying 
if 6n/0n+i — 1 as n — )■ oo. For instance, {n~^}'^^^ and {exp(— cTn")}^^]^ 
are slowly varying for any /3,a,a > 0, but for each 6 G (0, 1) the sequence 
{9^}^^i is not slowly varying. 

Theorem C. Fix f G If 6badif) < HD( J(/))^ i/ien HD(J(/)) = 

HD/jjyp(/), and for each sufficiently small nice couple {V,V), the canonical 
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inducing mapping F : D ^ V associated to it satisfies: 

HD(J(F) n V) = HD(J(/)), for all c E Crit'(/). 

Furthermore, fix t £ HD( J(/))) and assume that f satisfies the 

Q -Shrinking Condition for some slowly varying and monotone decreasing 
sequence of positive numbers Q = {9n}^^i. Then for each sufficiently small 
symmetric nice couple (y,V), there exists a constant cto = cko(^i^) ^ 
(t,HD(J(/))) such that, for all a > ao and a £ [0,a — t) there is a con- 
stant C > 0, such that for each Y C V and each integer m > 1, we have 



oo 



^ diam(PF)° < Cdiam(y)'" ^ 0°" 



Wet),m{W)>m n=ni 
WcY 

where D is the collection of all components of D. 

Remark 2.12. • Of course, the latter part of the theorem is useful only 

when Er=i 0n<oo for some a G (0,HD(J(/)) - 5bad(/)). 
• If for an exponentially decreasing sequence the map / satisfies the 
©-Shrinking Condition, then Theorem [C] allows to obtain an expo- 
nential tail estimate, as follows. As / is certainly super-polynomially 
shrinking. Theorem ICl shows that there exists a E (0, HD(J(/))) 
such that C := J2weD m{W)>i diam(M^)° is finite, and thus 

^ diam(H^)™(-^(^)) < C max diam(VF)™(-^(^»-" 

We-S m(W)>m 
m{W)>m 

is exponentially small in m. Notice that we lose control of the 
exponent significantly. A similar argument was used in the proof 
of IPRLOTI Theorem C]. 

2.2.4. Conformal and invariant measures. Define 

(2.3) 7(/) := /3max(/) (HD(J(/)) - 5bad(/)) . 

We use the following convention: the product of -|-oo with a real number a is 
-\-oo (resp. 0, — oo) if a > (resp. a = 0, a < 0). So 7(/) > is equivalent 
to ,5bad(/) < HD(J(/)) and /3^ax(/) > 0. 

Since for f € £/* we have HD(J(/)) > HDhyp(/) > 0, Theorems |A] and |B] 
imply that when / is backward contracting we have j{f) = oo. 

Corollary D. For f E £/* the following properties hold. 

1. Ifjif) > I, then either RD {J (f)) < HD(dom(/)) or J{f) has a 
non-empty interior. Moreover, there exists a conformal measure fi of 
exponent HD(J(/)) which is ergodic, supported on the conical Julia 
set, satisfies HD(^) = HD(J(/)), and it is such that for each e > 
^badif) + /3max(/)~^ the following holds: for each sufficiently small 
5 > we have for every x E J{f), 

(2.4) //(B(x,,5)) < (5™(-^(^))-^ 
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2. // 7(/) > 2, then there is an invariant probability measure v that is 
absolutely continuous with respect to ^ and this invariant measure v 
is polynomially mixing of each exponent 7 G {0,j{ f) — 2). 

2.2.5. Regularity of the invariant density. Given / G £/, let q{f) be the 
infimum of those constants q > for which there is C > such that the 
following property holds: for each x € J{f), S > 0, m > 1, and each pull- 
back W of B{x,6) by such that /™ : W ^ B{x,6) is a diffeomorphism 
whose distortion is bounded by 2, 

diam(Ty) < CJi/*. 

We clearly have q{f) > £max(/)- The following is a simple consequence 
of |LS08| Proposition 2], see Lemma 13.121 

Fact 2.13. For each £ > I and q > i there is r > I such that if f G ,s/*{£) 
is backward contracting with constant r, then q{f ) < q. In particular, if f is 
backward contracting, then q{f) = ^max(/)- 

Theorem E. Let f £ £/* be such that 7(/) > 2, and let /j, be the conformal 
measure and v the invariant measure given by Corollary O Then for each 

1 - ihadif) + /3max(/)-^) HD(J(/))-l \ 

(?(/) - 1 + {5,ad{f) + 2/3max(/)-i) HD( J(/))-i ) ' 
the density of v with respect to /x belongs to L^lp). 

Remark 2.14. For a map / G £/* that is backward contracting, the theorem 
implies that the density of 1/ with respect to fi is in for all 

P < PU) ■■= q{f )/{qU) - 1) = Cax(/)/(Cax(/) - 1). 
If J(/) has non-empty interior in dom(/), then this estimate is optimal in 
the sense that the density never belongs to the space LP^f\n). In fact, m 
this case, |U is a rescaling (of a restriction) of the Lebesgue measure and the 
Lyapunov exponent of u is strictly positive and its density is bounded from 
below by a positive constant almost everywhere in J(/), see |Led8H rLed84| . 
It thus follows that from the invar iance of v and the conformality of /i that, 
if we denote by h the dimension of dom(/) and by c G «/(/) a critical point 
of / of maximal order, then there is a constant C > such that the density 
is bounded from below by the function C dist(-, f {c))~^^f^^^\ on a set of full 
Lebesgue measure in J(/). Thus the density cannot belong to U'^^\ 

Using the lower bound on the conformal measure given by |LS08| Theo- 
rem 1], a similar argument shows that if / G =2^ is backward contracting, 
then the invariant density never belongs to L'^{^) for each p > p{f)- 

Question 2.15. Suppose f G £/* is such that 7(/) = 00, and let /i and v 
be as in Corollary\^ Is it true that du/dfi LP^^\fi)? 




Remark 2.16. For a map f £ ^ satisfying the TCE condition we obtain the 
following consequence of Theorem [E] In the real case we assume that / is 
essentially topologically exact on J(/). First note that by |NP98 in the real 
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case, and jPR98| in the complex one, there is an exponentially decreasing 
sequence Q such that / satisfies the 0-Shrinking Condition. Thus /3max(/) = 
oo and / is expanding away from critical points. On the other hand, / has 
arbitrarily small nice couples and 5bad(/) = by |PRL07[ Theorem E], see 
Remark 12. 101 Thus / G £/*, and 7(/) = oo. Furthermore, if we denote by // 
the conformal measure and v the invariant measure given by Corollary ID| 
then by Theorem IE] for each p £ iO,q{f)/{q{f) — 1)) the density of u with 
respect to ^ belongs to U'{ii). 

2.3. Proof of the Main Theorem. Now we will complete the proof of 
the Main Theorem. If Crit'(/) = 0, then / is uniformly expanding on J{f) 
and the statements of the Main Theorem is well-known. So we assume that 
Crit'(/) / 0. 

Let £>1, /i>0, e>0, 7>1 and p £ ^0, be given, and let q G 

(ji, ^^rj^ ■ By Theorems lAl and IB] and by Facts |2?8] and 12 . 13\ there exists r > 2 

such that if / G is backward contracting with constant r and satisfies 

the other assumptions of the Main Theorem, then / G £/*{£), /3max(/) > 
2(7 + 2)/h, 5bad(/) < h/2, 5bad(/) + /3max(/)-' < £, q{f) < q and 

1 - ('5bad(/) + /3max(/)-^) HD(J(/))-l 
+ aad(/) + 2/3^ax(/)-l) HD( J(/))-l 

Hence <5bad(/) < HD(J(/)) and by TheoremOwe have HD( J(/)) = HDhyp(/) 
On the other hand 7(/) > 7 + 2, and by Corollary [D] and Theorem [E] there 
exists a conformal measure and an invariant measure with the desired 
properties. Moreover, the ergodicity of implies that z/ is the only invariant 
measure of / that is absolutely continuous with respect to /x. 

2.4. Fractal dimensions and holomorphic removability of Julia sets. 

In this section we state a result related to fractal dimensions (Theorem [F]) . 
and another related to holomorphic removability of Julia sets in the complex 
setting (Theorem |G]) . Both are independent of the Main Theorem and are 
shown in ^ 

To state our result on the equality of fractal dimensions, we make the 
following definition. Given / G s > and a point xq G dom(/) we define 
the Poincare series of f at xq with exponent s, as 

00 

v{xo,s):=j2 E \Dnx)r. 

n=lxef-"{xo) 

We say that a point x is exceptional if the set UJ^Lq/""!-^) finite, and 
we say that x is asymptotically exceptional if its a-limit set is finite. The 
Poincare exponent of f is by definition, 

'^Pom(/) := inf {s > : V{xo; s) < 00 for some xq 

that is not asymptotically exceptional} U {0}. 
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Note that every point in the a-hmit set of an asymptotically exceptional 
point is exceptional. It is well-known that for a rational map of degree at 
least 2 each asymptotically exceptional point is exceptional, that there are 
at most 2 exceptional points, and that they are not in the Julia set. Note 
however that for / S jj^Jj any point in dom(/) \ Xo{f) is asymptotically 
exceptional, where Xo(/) is the minimal forward invariant close interval 
that contains Crit(/). 

Theorem F (Equality of fractal dimensions). If f £ s^* satisfies "f{f) > 1, 
then 

5pom(/) = mJif)) = HD(J(/)) = RBhypif) > 0. 
See Dfor the definition of 7(/). 

Equalities of dimensions were shown in |LS08| backward contracting ra- 
tional maps, in [Prz98 ] for rational maps whose derivatives at critical values 
grow at least as a stretch exponential function, and in jGS09[ Theorem 7] for 
complex rational maps satisfying a summability condition with a small expo- 
nent. Thus our theorem says more in this case. These equalities were shown 
for a class of infinitely renormalizable quadratic polynomials in [ AL0 8j. See 
also |Dob06| for the case of interval maps without recurrent critical points. 

We will say that a compact subset J of the Riemann sphere is holomor- 
phically removable, if every homeomorphism 93 : C — )• C that is holomorphic 
outside J is a Moebius transformation. 

Theorem G (Holomorphic removability). If f £ is such that 

/3max(/) (2 - 6bad{f )) > 1, 

then the Julia set of f is holomorphically removable. In particular, for every 
integer i > 2, there is a constant r > 1 such that the Julia set of a com- 
plex polynomial f E that is backward contracting with constant r, and 
without parabolic periodic points, is holomorphically removable. 

See also |Jon95| IKah98) and |GS09| Theorem 8] for other removability 
results of Julia sets. 



3. Preliminaries 

3.1. Notation. For f £ and for a neighborhood V of Crit'(/) we put, 
(3.1) 

K{V) = {x G dom(/) : for every integer n > 0, we have /"(x) V}. 

When y is a nice set we denote by £y the collection of connected components 
of dom{f)\K{V). 

For a set V C dom(/) and m > 0, let ^miV) denote the collection of all 
components of /"""(T/). Moreover, let ^{V) = W^^o^miV). 



16 



J. RIVERA-LETELIER AND W. SEEN 



3.2. Koebe distortion lemma. We shall frequently use the following Koebe 
distortion lemma. 

Lemma 3.1. Consider f E j^q and 17 = 0, or f £ and 17 a neighbor- 
hood of all attracting and neutral periodic points. There exists r]^ > and 
for every e G (0, 1) there exists K{e) > 1 such that the following holds. Let 
X £ dom(/), r] G (0,7/=,,), n > 1 be such that f^{x) Q.. Let W (resp. W{e)) 
be the component of f~^{B[f^{x),rj)) (resp. er/)^ which con- 

tains x. If : W ^ B{f"'{x),r]) is a diffeomorphism, then the distortion 
of f^ on W{£) is bounded by K{£). That is, for every zi,Z2 G W{£), we 
have 

\Df-{z^)\/\Df-iz,)\<Kie). 
Moreover, K{e) = 1 + 0(e) as e — )■ 0. 

Proof. For the case / G £/£, see for example |PRL07| §2.4]. For the case 
/ G =c/m, see |vSVn4[ Theorem C (2)(ii)]. □ 

3.3. Modulus. We shall use modulus of annuli to compare the size of nested 
sets. This method is popular in the complex setting. Recall that if A C C 
is an annulus that is conformally isomorphic to the round annulus {z G C : 
1 < |z| < R}, then mod(j4) := logR. More generally, if y C C is open 
and U ^ V, then we define mod{V; U) as the supremum of the modulus of 
those annuli contained in V that separate U from C \ y. 

In order to deal with interval maps, let us introduce a similar notion 
in the real setting. If J (s / are bounded intervals in M, then we define 
mod(I; J) := mod(Z)*(I); D*(J)), where -D*(I) denotes the round disk in C 
which has / as a diameter and -D*(J) the corresponding disk for J. More 
generally, if y is a bounded open subset of R, U ^ V is an interval, and if 
we denote by Vq the connected component of V containing U, then we put 

mod{V;U) := mod{Vo;U). 

Lemma 3.2. Let V2 ^ Vi 3) Vq be either bounded intervals 0/ M, or open 
and connected proper subsets of C Then 

mod(V2; Vo) > mod(V2; ^i) + mod(yi; Vq). 

Proof. In the complex case, this lemma is known as Grotzch's inequality, see 
for example [MilOO| Corollary A. 5]. The real case follows from the complex 
one by definition. □ 

The following lemma relates modulus to diameter of sets. 

Lemma 3.3. There exists a constant Cq > such that the following property 
holds. Let U <^ V be either bounded intervals contained in or open and 
connected subsets of C, such that diam(y) < diam(C)/2. Then, letting 
fi = mod(V; U) we have, 

diam([7) < Cq exp(— ^u) diam(l/). 
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Proof. We only need to consider the complex case as the real case will then 
follow by definition. We may assume that is large. In this case, V \ U 
contains a round annulus A with mod(j4) = ji — 0(1). See for example 
jMcM94| Theorem 2.1]. The lemma follows. □ 

We shall now consider distortion of modulus under pull-back. In t he com- 



plex case, we have the following well-known lemma, see for example |GS98b 
Lemma 4.1.1]. A sequence {C/j}^^Q of simply connected open sets is called 
a chain if for each < j < s, the set Uj is a component of f^^iUjj^i) and 

u, n J(/) / 0. 

Lemma 3.4. Consider f G £/£. Let {Uj}j^Q and {f7j}j^g be chains of 
topological disks such that Uj (s Uj, and let 

V = #{0 < j < s -.Uj intersects Crit'(/)}. 

Then 

mod(C/o; Uo) > W(/)-'^ mod([/,; Us). 

In the real case, modulus is similarly distorted under a diffeomorphic pull- 
back, but the situation can be extremely worse under critical pull-back. For 
example, let f(x) = + a be a real quadratic polynomial, and 

Ui := (-52+0,52+0) ^ Ui := (-52e + a,52(l -e) + a), 
where 5 > and e £ (0, 1). Then a direct computation shows that, as e — t- 0, 
we have mod i f~^{Ui); f^^{Ui)] x e and mod(C/i;C/i) x e2. Nevertheless, 



the following Lemma 13.51 will be enough for our application. 

Given / G if a bounded open interval / contains a unique critical 
value f of /, we define 

(3.2) /fl = (^_|J|,^+|J|); 

otherwise, we write P = I. Moreover, we say that a map / G is normal- 
ized near critical points, if for each c G Crit'(/), the equation \ f{x) — /(c)| = 
\x — of" holds in a neighborhood of c. 

Lemma 3.5. Consider f G ^(£). 

1. For any AG (0, 1) there exists rj > such that if{Uj}j^Q and {Uj}j^Q 
are chains of intervals such that Uj d Uj, such that Uj Ci Crit(/) = 
for all j = 1, . . . , s — 1 and such that \Us\ < rj, then 

uiod{Ui;Ui) > \ mod{Us;Us). 
Moreover, there exists Kq depending only on i such that 
mod(^/o; Uo) + Ko> mod([7i; Ui) > Xi'^ mod(c7s; Us). 
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2. Assume that f is normalized near critical points and let c G Crit'(/). 
Let Vi D Ui be intervals and let Vq (resp. Uq) be a component of 
(resp. f-'^{Ul)) such that Uq C Vq. If c e Vq and \Vi\ < r], 

then 

mod(yo;t/o) >C'mod(Vi;C/i), 
where ic is the order of f at c. 

We need two preparatory lemmas to prove this result. Recall that the 
cross-ratio of bounded intervals / d J of M is defined as 

Cr(/,J):. I^ll-'l 



where L, R are the components of / \ J. 

Lemma 3.6. For bounded intervals J <^ I o/M, we have 



mod(/; J) = 2 log (^VCr(/, J)-i + y^l + Ci{I, J)-^ 

Proof. There exists a Mobius transformation a such that cr{I) = {—T,T) 
and a"(J) = (—1, 1), where T = exp(mod(/; J)). Since 

Cr(i, J) = Cr((7(/),(7(j)) = 4r/(r- 1)2, 

the lemma follows. □ 

Lemma 3.7. For each £ > 1 and < a < 6 < 1, we have, 

mod((-l, 1); (a, 6)) > i"^ mod((-l, 1); (a^ 6^)). 

Proof. Let us first consider the case a = 0. Let /3 G (0, 1) be such that /3 + 
= 26"^ so that 

mod((-l, 1); (-/?, /?)) = mod((-l, 1); (0, b)). 

Thus, if we let 6 G (0, 1) be defined by 2b~^ = P'^ + I3\ then we have, 

mod((-l, 1); (0, b)) = mod((-l, 1); (-/3^ /3^)) 

= £mod((-l, 1); = £mod((-l, 1); (0, b)). 

So we just need to show that b < b^. This follows from the power mean 
inequality, 

2 ~ \ 2 

see for example |HLP52[ 16]. 

Now let us consider the case a > 0. Choose t G (6, 1) such that 

mod((-l, 1); (a', b')) = mod((-l, 1); (0, t')) + mod((0, t'); b')). 
Then as above, 

mod((-l, 1); (0, t)) > mod((-l, 1); (0, t')). 
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Note that Cr((0,t);(a,6)) < Cr((0, t^), (a^ 6^)), hence 

mod((0, t); (a, b)) > mod((0, t^); {a\ b^)) > mod((0, t% {a\ b^)). 
Finally, by Lemma l3.2| we have 

mod((-l, 1); (a, b)) > mod((-l, 1); (0, t)) + mod((0, t); (a, 6)). 
Combining these estimates, we complete the proof of the lemma. □ 
Proof of Lemma \3.5[ 

1. For the first inequality, by Lemma [3.61 it suffices to prove that for any con- 
stant A' G (0, 1), we have Cr(C/s, Us) > A' Cr(C/o, Uq), provided that diam(C/s) 
is sufficiently small. But this is well-known, see |BRLSvS08| Proposition 3], 
for details. For the second inequality we may assume Uq contains a crit- 
ical point c and mod(C/i;C/i) is large, i.e., Cr(C/i,C/i) is small. Note that 
\Us\ small implies \Uq\ small. So by the non-flatness of critical points, we 
have Cv{Uo, Uq) < K'q Cr([/i, for some Kq depending only on 4- The 
second inequality follows by Lemma 13.61 again. 

2. It suffices to prove the following two inequalities: 

(3.3) mod(y/; uf) > mod(yi; Ui); 

(3.4) mod(yo; Uo) > l'^ mod{V^; uf). 

Let us prove the inequality ([331 . If /(c) Ui, then Vf D y^ C/f = Ui, 
so this inequality clearly holds. Assume /(c) € Ui and let L,R denote the 
components of Vi \Ui. Then 

Cr(V U ) - 1^^"^^' > ^l^lll^^l - ^iFill^il _ « tt 

which implies the inequality (|3.3p by Lemma 13.61 

The inequality (13. 4p follows from the local behavior of / near c. li Ui 3 
f{c), then both vf and ul are centered at /(c), and by definition of modulus, 
we see that (|3.4p holds with equality. liUi ^ f{c), then the statement follows 
from Lemma 13.71 □ 

3.4. Bad pull-backs of a nice set. Let f £ and let y be a nice set 
for /. It is easy to see that for each W £ ^(V), either W CiV = 9 oi 
W C V. Moreover, for any integers < mi < m2 and Wi G ^mi(^), 
W2 G ^^2(^)1 have 

either n VF2 = or W2CW1. 

Recall that W G ^rn{y), m > 1 is called a bad pull-back of V by f"^, if 
for every integer m' £ {1, . . . , m} such that /"* (W) C V the pull-back of V 
by /"* containing W is not diffeomorphic. As before, we use 55^(1^) to 
denote the collection of all bad pull-backs of V by /"*. 

Lemma 3.8. Let V be a nice set of f £ £/ and let W G ^m(^) with m > I. 
Then the following are equivalent: 
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1. We ^m{V); 

2. for any 1 < m' < m, W is not contained in any diffeomorphic pull- 
back ofV by Z™'; 

3. for any 1 < m' < m, W is disjoint from any diffeomorphic pull-hack 
ofV by 

Proof By definition, 1 2. The assertion 3=> 2 is trivial, while 2 3 holds 
since any pull-back of V by is either disjoint from W or contains W. □ 

Lemma 3.9. For nice sets V D V for f , the following properties hold. 

1. For every integer m> 1 and every bad pull-back W ofV by the 
pull-back of V' by containing W is bad. 

2. 6badiV') > SbadiV). 
Proof. 

1. Let W be the pull-back of V by /™ which contains W. Arguing 
by contradiction, assume that W ^miy')- Then there exists mo G 
{l,2,...,m} such that W' is contained in a diffeomorphic pull-back Wq 
of V by /"-o. Then <^ V, so uiq < m and there exists a minimal 
mi G {mo + 1, m' -|- 2, . . . , m} such that /"^^ (W) C V. By the minimality 
of mi and niceness of F, we obtain that /"^i-"*o maps a simply connected set 
U D f'^°{W) diffeomorphically onto a component of V. By the niceness of 
V' we obtain that U C V. So the pull-back of U by which contains 

is diffeomorphic. It follows that the pull-back of V by f"^^ which contains W 
is diffeomorphic, contradicting the assumption that W G Q5m(^)- 

2. By part 1 each W G !Bm(^) is contained in an element of ?8m(^')- 
Clearly, for each W' G 58^(1^'), and any t > 0, we have 

dv{W) diam(T^)* < dv'{W') diam(T^')*- 

wcW 

It follows that 

oo oo 

Y dv{W)disimiWY <Y^ Y dv'{W') diam{W'Y , 

m=l We^m{V) rn=l W'e^m{V') 

hence 4ad(V^') > <5bad(^). □ 
3.5. Expansion away from critical points. 

Lemma 3.10. Let f e be expanding away from critical points, and let p > 
be given. Then for each nice couple (V, V) such that for each c G Crit'(/) 
we have diam(y'^) < p, there are constants ko,Ko > 1 and po G {0,p) 
such that the following property holds. Let D be the domain of the canonical 
inducing mapping associated to {V,V). Then for each x G J{f) and 5 G 
(0, p/2) there is an integer n > such that one of the following properties 
holds: 
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1. the distortion of f "" on B{x,d) is bounded by Kq, and 

po < diam{r{B{x,S))) < p; 

2. P{B{x,Ko5)) C V, \Dp{x)\ > Po, the distortion of P onB{x,KoS) 
is bounded by Kq, and every connected component of D intersect- 
ing f'"{B{x,S)) is contained in f"'{B{x, koS)). 

Proof. Fix a compact neighborhood F of F contained in V. For each m> 1 

and each component W of f~"^{V), let W D W be the components of 
j-m^y-j -J f^'"'-(y) that contain W. By the Koebe principle there are con- 
stants Kq > 1, Ki > 1 and pi > such that if is a diffeomorphism 
onto a connected component of V, then the following properties hold: 

(i) the distortion of f^lW is bounded by Ki; 

(ii) for each y E W wc have |D/'"(y)| > pi; 

(iii) dist(5H^, W) > 2{ko - l)'^ diam{W). 

Since / is uniformly expanding on K(y)r]J{f), it follows that there is p2 > 
such that for each x' G J{f) and 6' G (0, p/2) such that B{x\k,q5') inter- 
sects K{y), there is an integer n > such that /"(-B(x', 5')) D B(/''(,t'), P2), 
such that diam(/"(x', 5')) < p, and such that the distortion of /" on B(x' , kqS') 
is bounded by 2. Replacing p2 by a smaller constant if necessary, we assume 
that (kq — l)p2 is less than the minimal diameter of the components of V. 

We will prove the assertion of the lemma with Kq = 2Ki and po = 
mm{pi, K^^ P2}. Let x G J{f) and 5 > be given. If B{x,kq5) in- 
tersects K{y), then the first alternative of the conclusion of the lemma 
holds by the definition of p2- So we assume that B{x,k,o5) does not inter- 
sect K{V). If B{x,kq6) C V and B{x,kqS) (t D, then we put m = 0, 
and we denote by Wq the connected component of V containing B(x,6). 
Otherwise there is an integer m > 1 such that f"^(B{x, kqS)) C V and 
such that maps a neighborhood of B{x, kqS) diffeomorphically onto a 
connected component of V. We assume that m is the largest integer with 
this property, and let Wq be the pull-back of V by that contains x. In 
both cases the distortion of on B{x, kqS) is bounded by Ki, and we have 
f'^{B{x^ kq5)) C V and f"^{B{x^ kq5)) <^ D. If every connected compo- 
nent of D intersecting f™'{B{x,6)) is contained in f^{B{x, kq5)), then the 
second alternative of the conclusion of the lemma holds with n = m. Oth- 
erwise there is a connected component W oi D that intersects f"^{B{x,S)) 
and that it is not contained in f'^{B{x, kq5)). Let us prove that the first 
alternative of the conclusion of the lemma holds for some n > m + m{W) 
in this case, where m{W) is the canonical inducing time of W with respect 
to {V,V). Indeed, W := (/"*|Wo)~^ {W) is a pull-back of V by frn+m(W) 
such that frn+miw) Ynaps a neighborhood of W diffeomorphically onto a 
connected component of V. Since W'r]B{x, 6) 7^ 0, by the definition of kq it 
follows that B{x,6) C W', so the distortion of /™+'"(^)|S(a;, 5) is bounded 
by Ki. On the other hand, by the choice of m, we have B{x,kqS) <f. W' . If 
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diam(Ty) < {kq — 1)6, then the first alternative holds with n = m + m{W). 
Indeed, diam{r{B{x,5))) > K^Hk^ - diam(/"(VF')) which implies 
diam(/"(i3(x, 5))) > K^^p2 since /"(VF') is a component of V. Suppose 
now diam(T¥') > (k^ - 1)6. Then B{x,ko6) C W', so kq-^)) 
has distortion bounded by Ki. Moreover, the set f"^~^'^^^\B{x, ko6)) in- 
tersects dV C K{V), so the first alternative holds by the choice of p2- D 

In the case of complex rational maps, the following lemma is an easy 
consequence of |PRL07| Lemmas 6.3]. The proof extends to the case of 
interval maps without change. Recall that for a nice set V we denote by ily 
the collection of components of dom(/) \ K{V), where K(y) is as in (|3.ip . 
For each element U of £y, there exists a unique integer 1{U) > such that 
y'(f^) maps U diffeomorphically onto a component of V. 

Lemma 3.11. Let f £ £/ be expanding away from critical points. Then for 
each nice set V for f there exists oq G (0, HDhyp(/)) such that for each a > 
ao there are constants Co,eo > such that for every integer m > we have, 

(3.5) diam(C/)"» < Cq exp(— Sow-)- 

Ue<:,v,KU)>m 

Moreover, for each conformal measure fi of exponent a supported on J{f), 
there exists C" > and k G (0, 1) such that for each integer m > we have 

{{z G J{f) : z, f{z), f^-\z) V}) < C'k^. 

Proof. Let Vq be a sufficiently small neighborhood of Crit'(/) contained in V, 
such that for each c G Crit'(/) the set K := K{Vo) D J{f) intersects V. 
Thus each element of £v intersects K. Since by hypothesis / is uniformly 
expanding on K, it follows that there are constants Ci, ei > such that for 
each U G we have diam(C/) < Ci exp(— ei/(f/)). 

By |PRLn7| Lemmas 6.3] there is oi G (0,HD(J(/))) such that, 

C2 := ^ diam(C/)"S 

is finite. Fix ao G (ai, HD( J(/))). Given a > oq put eq := ei{ai — oq). We 
thus have, 

diam(C/)" < max diam(C/)"-"i ^ diam(;7)"i 

U€2v,liU)>m ^^^^ UeZv,liU)>m 

< C2C1 exp(-5o"T')- 

To prove the last assertion of the lemma, notice first that, since / is 
uniformly expanding on KiV) H J{f) we have ii{K{y)) = 0. On the other 
hand, by the Koebe principle there is a constant C3 > such that for 
each U G £y we have ^{U) < C3diam(f7)". Thus, the last assertion of 
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the lemma follows from the first from the inclusion, 

{zeJ{f):zJ{z),...,r-Hz)^V}c Ik{V)U [j W 

\ U€S.v,HU)>m 



□ 



3.6. Backward contracting maps. The following lemma is simple conse- 
quence of |LS08| Proposition 2]. 

Lemma 3.12. For each i > I and k G (0,£~"^) there exists r > 1 such 
that, if f & £/*{£) is backward contracting with constant r, then there is a 
constant C > such that for each subset Q of dom(/) intersecting J{f) and 
each pull-back P of Q we have, 

diam(P) < C dmm{ fiQ))''. 

Proof. Fix I and n and assume that / G s^*{l) is backward contracting with 
a sufficiently large constant r. By (the proof of) |LS08[ Proposition 2], there 
exists C" > such that when Q = B{c,£) for some c S Crit'(/) and e > 0, 
then each pull-back P of Q satisfies diam(P) < C'e'^. 

For the general case, let us fix a small constant Sq > 0. Since / is uni- 
formly expanding on J(/) H K(B{Cnt'{f);eQ/2)), we may assume without 
loss of generality that Q is connected and contained in i?(c;eo), for some 
c G Crit'(/). Let £i G (0,eo] be the minimal such that Q is contained in 
the closure of B{c,£i), and write Q' = B{c,ei), Q" = B{c, 2ei). Provided 
that So was chosen small enough, we have. 



(3.6) 



diam(/(Q)) _ diam(/(Q')) ^ 4-1 



diam((5) diam((5') 
Let P £ ^niQ) for some ?T. > 1, and consider the chain {P;}"_q, {P|}"_q 
and {P-}]=o with P = PqCP^C P^ and P^ = Q", P^ = Q', P^ = Q. If 
/" : Pq — )• Q" is a diffeomorphism, then /"'IPq bounded distortion, so 

diam(P) _ diam(Q) _ diam(/(Q)) ^ / diam(/(Q)) y 
diam(P^) ^ diam(Q') ^ diam(/(Q')) " Vdiam(/(Q')) / ' 

which implies that diam(P) < C diam.{f (Q))'^ since diam(PQ) < Cel. Oth- 
erwise, let m < n be maximal such that P^ contains a critical point, say c'. 
By the backward contracting property, we have diam(P^_|_j^) < 2eir~^ < Eq. 
Since f^~"^~^\Pm+i bounded distortion and using (|3.6p . we obtain that 

diam(P^+i) X diam(P;,+i)|^^^MI < diam(/(Q))r~\ 

which implies that diam(Pm+i) < diam(/((5)) provided that r is large 
enough. Since P^ C B{c',£o), we may repeat the above argument with 
Q replaced by P^. By an induction on n, we complete the proof of the 
lemma. □ 
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Given a nice set V, a component of the set /~^(dom(/) \ K{V)) Pi V 
is called a return domain. These are maximal pull-backs of V which are 
contained in V. Given A > we will say that V is X-nice if for return 
domain of y we have W C V and, 

mod{V;W) > A. 

The following is essentially a combination of |RL07| Proposition 6.6] and 
|BRLSvS08[ Lemma 3]. 

Lemma 3.13. Given i > 1 and A > 0, there is a constant r > 4 such that for 
every f ^ that is backward contracting with constant r, the following 

property holds. For every sufficiently small 6 > 0, there is a symmetric nice 
couple (y, V), such that V is X-nice, and such that for each c G Crit'(/), 

B{c,rS/2) CV" C B{c,r6), B{c,6) C C B{c,26). 

Proof. We assume that / is backward contracting with constant r > 2. Then 
there is a nice set V for / such that 

B{c,r6/2) C i/' C B{c,r6), 

see |BRLSvS08| Proposition 3] in the case of interval maps, and |RL07| 
Proposition 6.5] in the case of rational maps. For each c G Crit'(/), let Vc^^: 
be the union of B(c,6) and all the return domains of V which intersect 
B(c,5). By the backward contraction assumption, 14^* C B(c,26). In the 
real case, let = Vc^^ and in the complex case, let be the filling of V^^*, 
i.e., the union of V^_* and the components of C \ 14.* which are contained 
in V. Then in both cases, is simply connected, C B{c, 26) d V^. Let 
V = UceCrit'(/) ^'^^ t^^t ^^^^ ^ ^ ^^"i ^ > 1, f'^ix) V, hence 

(y, V) is a nice couple. Provided r is large enough, 

mod{V';V') > (2Cax(/))-'log(r/4) 

is large. It follows that is a A-nice set for a large A. Indeed, if [/ is a 
return domain of V with return time s, then the pull-back of V by f^ which 
contains U is either diffeomorphic or unicritical, and it is contained in V. 
By either Lemma [3.41 or Lemma [3.51 we obtain that mod(y; U) is large. □ 

Definition 3.14. For a map f £ and an integer m > 1 we will say 
that a pull-back W of an open set V by is a child of V if it contains 
precisely one critical point of /, and if f"^~^ maps a neighborhood of f(W) 
diffeomorphically onto a component of of V. We shall write mv(W) = m. 

In the case of interval maps the following lemma is a variant of |BRLSvS08[ 
Lemma 4]. 

Lemma 3.15. For each s > and i > 1 there is a constant r > 4 such that 
for every f £ £/(i) that is backward contracting with constant r, the following 
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property holds. For each 6 > small there is a nice set V = UceCrit'(/) 
such that for each c G Crit'(/) we have, 

B{c,6) C C B{c,26), 

and such that, 

J2 diam(/(y))^ < ^^ 

Y : child of V 

Proof. Assume that / is backward contracting with a large constant r. By 
Lemma [3. 131 for each 5 > small there exists a A- nice set V = UcGCrit'(/) 
such that for each c G Crit'(/) we have 

B{c,6) CV^C B{c,26), 

where A > is a large constant. Let us prove that the conclusion of the 
lemma holds for this choice of V. 

Take c G Crit'(/) and let Yk{c) be the k-th. smallest child of V contain- 
ing c. By the backward contracting property, we have Yi{c) C B{c,2r~^6). 
Let Sfc = mviYi^^c)). Then f^'' (Yig^i{c)) is contained in a return domain 
of V, hence mod(y; /*'=(yA;+i(c))) > A. By the definition of child, Yk{c) is 
a unicritical pull-back of V. Thus by Lemma 13.41 or Lemma 13.51 we obtain 
that mod(yfc(c); y^_|.i(c)) > A', where A' — )■ oo as A — )• oo. By Lemma |3.3| 
it follows that diam(yfc_|_i(c))/ diam(y^(c)) is small provided that r is large. 
The conclusion of the lemma follows. □ 

4. Polynomial shrinking of components 

In this section, we study the size of pull-backs of a small set. The main 
result is the following proposition, from which we shall derive Theorem lAl 

Proposition 4.1. For each i > 1 and kq G {0,£'^), there exists R > 3 
such that if f ^ si {€) is expanding away from critical points and backward 
contracting with a constant r > R then the following holds. For any r/o > 
sufficiently small there exist constants Cq, > and for any chain {WjYj^Q 

with Ws C B(Cut'{f),rjo), there exist an integer > such that 

(4.1) diam(Wo) < Co min {r-'^o^, exp (-^[^(Aos + /x))} , 

where /x = mod(S(Crit'(/), 3?7o); W.). 

The proof of this proposition in the real case is more complicated than in 
the complex case. We shall state and prove a preparatory lemma for the real 
case. The readers who are only interested in the complex case may skip this 
part. 

Definition 4.2. Consider / G A sequence {Uj}j^Q of open intervals 

is called a quasi-chain if for each < j < s, Uj contains a component of 
/~^(?7j_l_i). The order of the quasi-chain is the number of j G {0, 1, . . . , s — 1} 
such that Uj contains a critical point. 
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Given a chain {Vj}*-^q, we can construct a quasi-chain {V^}j=o with Vj D 
Vj as follows. First of all Vt = V . Once Vj has been defined for some 
1 < j < t, let be the component of f^^iVj) which contains Vj-i, and 

let 

\ BiyC; \ Vj\) if V-^i contains a unique critical point c, 

Vj_l = •v 

I V^_-i^ otherwise. 

Note that V^-i contains a component of /~^(V^) and in the former case, Vj-i 
is the component of f~^{{Vj)'^) which contains c, where vj is as in (13. 2p . We 
shall say that {V^}*-^q is the preferred quasi-chain for the chain {VjYj=Q- 

Lemma 4.3. Consider a map f G which is normalized near criti- 

cal points and kq £ (0,^~^). For each r/o > small enough the following 
holds. Let {VjYj^Q and {Wj}j^Q be chains with Vj D Wj, for j = 0,1, . . . , s, 

and such that Vs C i?(Crit'(/), 3ryo), and let {VjYj=o o-nd {WjYj=o be the 
corresponding preferred quasi-chains. Assume that Vj D Crit(/) = for all 
1 < j < s. Then 

mod(yo;t?o) > Komod(y,;W,). 

Proof. Let A = Ihq G (0, 1) and let r/ > be the constant given by part 1 
of Lemma 13.51 Assuming that rjo is sufficiently small, we have IV^I, |Vi| < r/ 
since / has no wandering interval. By construction, Vj = Vj, Wj = Wj 

for all j = l,2,...,s. li Vq H Crit(/) = 0, then Vq = Vq, Wq = Wq, and 
Z'' : Vo — 7- is a diffeomorphism, so the desired inequality follows from 
part 1 of Lemma [3.51 In the case Vq H Crit(/) = 0, we have 

mod(yi;VFi) > Amod(F,;W,). 

Moreover, by part 2 of Lemma 13. 5| we have 

(4.2) mod(yo; Wo) > i'^ mod(Fi; Wi). 

Combining these two inequalities above gives us the desired estimate. □ 

Proof of Proposition \4. 1\ Fix kq G (0,^^^) and assume / is backward con- 
tracting with a sufficiently large constant r so that the conclusion of LemmafSTTJ] 
holds with K = kq. Let 770 > be a small constant such that for all 5 G (0, r/o), 
each pull-back W of 5(Crit'(/), r5) with dist(W, /(Crit'(/))) < 5 implies 
diam(VF) < 5. Moreover, when considering an interval map, we assume that 
/ is normalized near critical points (after a conjuagcy) and reduce rjQ if 
necessary so that Lemma [4.31 holds. 

Let ti < t2 < • • • < tk = s he all the positive integers such that /*'(Wo) H 
S(Crit'(/),77o) / 0- For i = 1,2,... ,A;, let {Y/Yj=o be the chain with 
Y-' = B{ci,3r]o) and Y^ D Wq and write Yi = Y^ . ¥01 1 < i < k and 
< j < ti, let Y^ = Y^ in the complex case; and let {Y^Yj=Q be the 
preferred quasi-chain for Y^iYj=Q ™ the real case. Moreover, let Wj = Wj, 
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j = 0,1, . . . , s in the complex case; and let {VFj}|^Q be the preferred quasi- 
chain for {Wjj^^Q in the real case. 

Let be the order of the (quasi-) chain {Y-^Yj^q and let u = max^^^ f^. 
We first prove there exists a constant Ci > such that 

(4.3) diam(VFo) < diam(W^o) < dr"''"'^. 

Indeed, take iq G {1,2,..., A:} such that = z^jq and let < jo < j'l < 
• • • < ju~i < ju = ti be the integers such that intersects Crit'(/), 

m = 0,1, ... ji'. Then by the backward contracting property (and the con- 
struction of quasi-chain in the real case), we prove inductively that l^^^""™ C 

S(Crit'(/),3r~™7?o)- In particular, C 5(Crit'(/), Sr^^^r/o). By Lemma EISl 
we obtain 14.31 

Next, let us prove there exists constants C2,Aq > such that 

(4.4) diam(H/'o) < C2 exp{-K[;(^os + Z^)}- 

To this end, let Di := Y^J^-^ for i = 1, 2, . . . , A; — 1, let = Ws, and put 

Hi = mod(S(Crit'(/), 3r/o); Di), for i = 1,2, . . . ,k. 

So /ifc = /i- 

For i £ {1, . . . ,k — 1} and ti < j < tj+i, the set Y^^-^ is disjoint from 
S(Crit'(/), r^o) so we have Y-^_^_-^ = Y^j^^. Hence by the backward contraction 
property, Di C i?(Crit'(/), 2ryo) ^ -S(Crit'(/), 3?7o)- Moreover, since / is 
uniformly expanding outside i?(Crit'(/), r/o), diam(Z)j) is exponentially small 
in terms of — tj. For a similar reason, diam(Yi) is exponentially small 
in terms of ti. Thus there are constants Aq> and C3 > such that 

(4.5) Hi > AQ{ti+i - ti),i = l,2,...,k-l 
and 

(4.6) diam(yi) < C3 exp(-Aoti). 
In the complex case, by Lemma 13.41 we obtain that 

Taod{Yi;Yi+i) > ac^^' mod(S(Crit'(/), 3%); A) > t^^oHu 

where Ifc+i := W^o- This equality also holds in the real case by repeatedly 
applying Lemma Indeed, if < jo < ji < • • • < jvi-i < jui = U are 
the integers such that Y-^"^ intersects Crit'(/), then for any m = 1,2, . . . ,Ui, 
Y^"^ C 5(co,3r/o) so that 

mod(y/'" ; y/;i ) > ko mod(l^^™-^ ; Y^]^' ) ■ 
Thus in both cases, 

k k 

mod(Yi;Yfe+i) > ^ mod(yi; Fj+i) > Kg^/Uj. 

i=l i=l 
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By (14. Sp . this implies 

mod{Yr,Wo) = mod(yi; n+i) > k^(Ao(s - h) + /x). 

Using (|4.6p and applying Lemma 13. 3| we obtain (|4.4p . 

Combining the inequalities (|4.4p and (|4.3p . we obtain the inequality (|4.ip 
with Co = max(Ci, C2). □ 

Proof of Theorem [31 By the assumption that / is uniformly expanding out- 
side J(/)ni3(Crit'(/), ?7o/2) there are constants p > and Ai > so that the 
following property holds: For every y G J{f), every integer t > 1 and every 
chain {W^Yj^o such that TV/ = B{y,p), W^^nBiCrit' {f),7]o/2) / 0, and such 

that for every j E {1, . . . , t — 1} the set Wj is disjoint from i?(Crit'(/), r/o/2), 
we have 

Wo C 5(Crit'(/),r?o), and mod(5(Crit'(/), 3%); Wq) > ^it. 

Let 2; G m > 1 and let W be the component of /^™(i?(/™'(x), />)) 

containing x. We shall prove that 

(4.7) diam(Ty) < C min {r-'^^", exp (-Kq ''ylm) } , 

holds for some integer > 0, where C,A>0 are constants. 

Consider the chain {Wj}^^ with Wm = B{f'^{x), p)) and Wq 3 x. If for 

every s € {0, . . . ,m} the set Wg is disjoint from i?(Crit'(/), r/o/2), then the 
desired inequality follows from the assumption that / is uniformly expand- 
ing outside i?(Crit'(/), r/o/2). So we suppose that there is an integer s £ 
{0, . . . ,m} such that Wg intersects i?(Crit'(/), 770/2), and assume that s is 
maximal with this property. By our choice of p we have Ws C i?(Crit'(/), 779), 
and 

(4.8) p := mod{B{Cr:it' if), 3r]oy,Ws) > Ai{m - s). 

Applying Proposition 14.11 to the chain {PFjjj^g, we obtain a non-negative 
integer u such that 

diam(W^) < Cq min {r-'^"", exp (-Kq ''(Aqs + p))} , 

which together with (|4.8p implies that (|4.7p holds with A = mm{AQ, Ai). 

To conclude the proof note that (|4.7p implies that for each /3 < logr/(KQ ^ log 
we have diam(VF) < C{p)m~^ , for a constant C(/3) > independent of W. 

□ 

5. Bounding the badness exponent 

This section is devoted to the proof of Theorem [B] We shall prove a 
recursive formula for the size of relatively bad pull-backs. 
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5.1. Relatively bad pull-backs. Let f & and let Vq be a nice set for /. 
Recall that given an integer m > 1 we say that W G ^miVo) is a bad pull- 
back of Vq by if for every integer m' G {1, . . . , m} such that /™ (W) C Vq 
the pull-back of Vq by containing W is not diffeomorphic. 

For a subset y of Vq and an integer m > 1, we say that a pull-back W 
of y by /™ is 6ad relative to Vq, if the pull-back of Vq by containing 
is bad. Denote by ^Bg'^' = ^q{V) the collection of components of V; and 
for m > 1, denote by *BJ!^^(y) the collection of all pull-backs of V by /"^ 
that are bad relative to Vq. Moreover, denote by ^l^}g{V) the collection of 
all elements W of ^"^^(V) for which /"^ maps W diffeomorphically onto a 
component of V. Clearly, for any integer m > 1 the following properties 
hold: 

• W £W^\Vq) if and only only W is bad pull-back of Vq by /™; 

• for y C Vb and G ^m(y), G "BZ^V) if and only if for any 
m' G {1,2, . . . ,m}, is not contained in any diffeomorphic pull- 
back of T/q by J*"'; _ 

• ifV CV cJVq and W G 'B^'(y), then the component of /"'"(F) 
containing W belongs to ''B]^{V). 

Lemma 5.1. For every V GVq and every m > 1, we have 

^z\v) = wz\,{v) u ( u ^Z-m(Y)iy) I , 

\y: child ofV J 

where m(Y) = mv(Y) is as in Definition \3.14\ 

Proof. For each W G 55^^^) \ W^loi^), there is m' G {1, . . . , m} such that 
the connected component Y of Z"™ (V) containing f^~^ {W'^ contains a 
critical point of /. If m' is the minimal integer with this property, then Y 
is a child of V and m! = m{Y). If m' = m then W = Y; otherwise, we have 
W G 5S^'_,^/(y) since y C Vq. This proves that the set on the left hand side 
is contained in the set on the right hand side. 

To prove the other direction, we first note that by definition ^^^^{V) C 
®m (^)- It remains to show that for a child 1" of y we have ^J^-m(y)(^) ^ 
(^)- Indeed, since Y contains a critical point of / we have Y G ^m(y)(^)' 
so the conclusion holds if m{Y) = m. Now assume that mo := m — m(Y) > 
and consider W G *B^|, (Y). To prove W G *B^H^) let Wq be the pull-back of 

by /"^ that contains W. Let m' G {1, . . . , m} be such that /""'(Wo) C V^. 
If m' < mo then the pull-back Vq by containing Wq is not univalent be- 
cause W G 035:^1,(1") and Y C Vq. If m' > thq + 1, then the pull-back of Vq 
by J™- -™o containing is not diffeomorphic because it contains Y. 

This shows that W G «B^H^)- Thus *B^'_^(y)(^) C *B^^H^)- □ 

5.2. Proof of Theorem Fix / G =2/, put r := 2"^™'"'(-/') and fix (5o > 
sufficiently small so that for every 5 G (0,(5o]) every integer i > 1, if 
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is a pull-back of I?(Crit'(/), 2r*(5) by for some m > 1 and the pull- 
back W of B {Crit' (f) , S) by containing W is diffeomorphic, then we 
have diam(VF) > A^^ ■ 2Miam(Ty), where A > 1 is a universal (Koebe) 
constant. 

In the rest of this section we fix t > 0, and put i = £max(/) hi the complex 
case and ^ = 2 in the real case. We assume that / is backward contracting 
with a large constant r so that the conclusion of Lemma 13.151 holds with 

(5.1) s = t/{Al^M) 
and so that 

(5.2) {2r-^y <e := t^A-^l'^ (l - 2-*/2' 

So reducing > if necessary, for each integer n > there exists a nice 
set Vn = UceCrit'(/) that for each c E Crit'(/) we have 

5(c,r"5o) cK'c5(c,2r"<5o), 

and 

^ diam(/(y))^ < (r"5o)^ 

Y: child of V„ 

Note that for each integer n > 0, and each child Y of Vn, we have diam(/(y)) < 
(2r~^)r"(^0j hence 

^ diam(/(y))2^ < (2r-V"5o)^ J2 diam(/(y))^ 

Y: child of Vn Y: child of V„ 

It follows that for each integer n > 0, 

(5.3) Yl diam(/(y))2- < e{T^5of'. 

Y: child of Vn 

Given an integer m > and a subset V of Vq we put 

m— 1 

Et{V,m) := Y dviW)diam{W)\ 

j=o we<Bf\v) 

and 

m—l 

E:{V,m):=Y Yl dv{W)dmm{WY. 

Note that by definition Et(y,0) = and that for V G V G Vq such that 
every connected component of V contains at most one connected component 
of V, we have that for each j >0 and W G ^j(y), 

(5.4) ^ Y dyiW)<dviW). 
we^j{v),wcw 

In particular, we have that for each m > 0, 

Et{V,m) < Et{V,m). 
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Lemma 5.2. Under the above circumstances, for each integer m > 1 we 
have 

(5.5) Et{Vo,m)< Yl diam(yo'=)* + ^~ Yl ^t{Y,m-l), 

ceCrit'(/) Y: child of Vo 

and for each n > 1 we have 

n-l 

(5.6) Hi(K,m)<A*^~J]2(*+i~")* Yl ^t{Y,m-l). 

i=0 Y: child of Vi 

Proof. 

1. To prove the first assertion observe that by definition no univalent pull- 
back of Vq is bad relative to Vq, so ^jliVo) = for all j > 1. Thus, by 
Lemma [5.11 we have 

Et{Vo,m)< Y diam(M^)*+ Y d{Y)Et{Y,m - mv,{Y)), 

We'B^fiVo) child of Vo 

where mvoiY) > 1 is as in Definition 13.141 Since !Bg'^'(Vo) is the collection 
of components of Vq, the desired inequality follows. 

2. To prove the second assertion fix n > 1. For W G 5SJ°^(14i) and i G 
{0, ... ,71 — 1} denote by be the component of /~-'(K) containing W. 
Thus W' G ^''\Vi), and by definition W'^ ^'^HVq). We denote by i{W) 
the largest integer i G {0, . . . , n — 1} such that Wj^l{Vi). 

2.1. Let us prove that for each i G {0, 1, . . . , n — 1}, 

m— 1 

(^■^) J2 Yj dy„(^)diam(PF)* <^*-2(^+i-")*S*(yi,m). 

i{W)=i 

To this end, we first prove that for each W G ^Y^i^n) with i{W) = i, we 
have 

(5.8) diam(M/) < A ■ 2'+^~"' diam(W^') 

Indeed, this is trivial if i = n— 1, and if i < n— 1, then T^*+^ is a diffeomorphic 
pull-back of Vi+i, so 

diam(VF) < A ■ 2^+^"" diam(VF*+i) < A ■ 2*+^^" diam(VF*). 

Together with (15. 4p , the inequality (15. Sp implies that for each j > and each 
W G "BfiVi), we have 

Y dv„{W) diam(iy)* < dv,{W') diam(VF')*^* • 2(*+^-")*. 
i(W)=i,W'=W' 

Summing over all W C "BfiVn) \ "B'^iiVn), we obtain the inequahty 



32 J. RIVERA-LETELIER AND W. SEEN 

2.2. In view of Lemma l5.H for each i G {0, . . . , n — 1} we have, 
Et{Vi,m)< Yl dvAy)^t{Y,m-m{Y))<£ J2 ^t{Y,m-l). 

Y: child ofVi Y: child of 

Together with (|5.7p . this imphes, 

n-l 

1=0 Y: child of Vi 

□ 

Proof of Theorem\Bi Let C > be a sufficiently large constant so that, 

(5.9) Y diam(yo')* < C6^' (l - e^V'^^) . 

ceCrit'(/) 

With the notation introduced above we need to show that 

lim Et(yo,m) < oo. 

We will prove by induction in m > that for every n > we have 

(5.10) Si(K,m) <C(r"5o)'^ 

which clearly implies the desired assertion. 

Since for each integer n > we have Hj(14i,0) = 0, when m = inequal- 
ity (j5.10p holds trivially for every n > 0. Let m > 1 be given and assume by 
induction that inequality (I5.10p holds for every n > 0, replacing m by m — 1. 

Fix i > 0. Let us prove that 



(5.11) Yl Sj(y,m-1) <Ce(r*-i(5, 

Y: child of 



Indeed, for a child y of V^, letting k be the largest integer such that Y C Vk, 
we have diam(/(y)) > t'^'^^Sq. By the induction hypothesis, it follows that, 

Et{Y,m-l) < Et{Vk,m-l) < CirH^f' < C {r'Ummif (Y)))^' , 
thus 

Y ^tiY,m-l)<C Y (r-Miam(/(y)))2^ 

Y: child of Vi Y: child of Vi 

which implies (|5.1ip by (|5.3p . 

Taking i = in (|5.1ip . we obtain by (|5.9p and (|5.5p . 
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which proves (IS.lOp for n = 0. By (15. lip and (15. 6p . for a given integer n > 1 
we obtain, 

n.-l 

n-l 
i=0 

where we used r = 2~^™^''(-^) and s = t/(4^max(/))- Inequahty (|5.1Up follows 
by applying (15. 2p . thus completing the proof of the theorem. □ 

6. Induced Markov mappings 

This section is devoted to the proof of Theorem O and Corollary [D] We 
shall first prove in §6.11 the desired dimension estimate applying arguments 
in jPRL07| . see Proposition 16.11 Then we proceed to the tail estimate, where 
a Whitney decomposition type argument originated in [PRL08| plays an 
important role. We first reduce the proof of Theorem O to Proposition 16.61 
in ^6.2| and then give the proof of this proposition in ^6.31 We also deduce 
Corollary [D] from Theorem [Cl in ^6.41 

We fix throughout this section a map / G £/* and denote by dom(/) its 
domain. 

6.1. Dimension estimate. Let us first prove the following: 
Proposition 6.1. Assume that f G £/* satisfies 6bad{f ) < HD(J(/)). Then, 

HD(J(/)) = HD(Jeon(/)) = HDhyp(/), 

and for each sufficiently small nice couple {V,V) and each c G Crit'(/) we 
have, 

HD(J(F)nn = HD(J(/)), 
where F denotes the canonical inducing map associated with {V,V). 

For an open neighborhood V of Crit'(/), let K{V) be as in ^3.11 It follows 
from the definition of that K{V) Ci J{f) is a hyperbolic set for /. For a 
nice set V and m > 1, we use to denote the collection of all bad pull 

backs of V by see Definition 12.91 

We need the following lemma. 

Lemma 6.2. For each f G £/* we have 

HD(J(/) \ Jeon(/)) < Sbadif). 

Furthermore, for each nice couple (V, V) of f such that 6bad{y) < HD(J(/)) 
we have 

HD((J(/) n V) \ J(F)) < HD(J(/)), 
where F denotes the canonical inducing map associated with (y,V). 
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Proof. To prove the first inequality it is enough to prove that for each nice 
couple {V,V) for / we have 

(6.1) HD(J(/) \ Jcon(/)) < 5bad(^). 

To this end, let A'^ be the subset of {V J{f)) \ JiF) of those points 
that return at most finitely many times to V under forward iteration, and 
let I = {{V n J(/)) \ J(F)) \ N. Note that for every x G / and every 
integer m > 1 such that f^{x) G V, the pull-back of V by containing x 
is bad. Therefore, for every integer m > 1 we have 

oo 

/cU_U 

The definition of badness exponent implies that HD(/) < 5bad(^). 

Let us prove that N \ Jcon(/) is at most countable. Indeed, K{V) J{f) 
is a hyperbolic set, hence K{V) n J(/) C Jcon(/). Since, 

oo 

(6.2) NC [Jf-^{K{V)nJ{f)) 

n=l 

and since f^^iJconif)) C Jcon(/) U Crit'(/), we conclude that \ Jcon(/) C 
/~"(Crit'(/)) is at most countable. 
Since J(F) C Jcon(/) and K{V) H J{f) C Jcon(/), it follows that 

HD(J(/) \ Jcon(/)) = HD((J(/) \ Jcon(/)) H F) < HD(/) < <5bad(^^). 

This proves (|6.ip . hence the first equality of the lemma. 

To prove the last inequality we need the following result: for any hyper- 
bolic set A of /, HD(yl) < HDhyp(/). This is proved in |PRL07[ Lemmas 6.2] 
in the complex case, as a consequence of the (essentially) topologically ex- 
act property of the Julia set. The proof works without change for maps 
/ G .2^2 • Since KiV) Pi J(/) is a hyperbolic set, by (16. 2p we conclude 
that HD(iV) < HD(J(/)). Since 

HD(( J(/) n V) \ J{F)) = HD(Af U /) < max{HD(A^), ,^bad(^)}, 

5h.d{V) < HD(J(/)) implies HD((J(/) n V) \ J{F)) < HD(J(/)). □ 

Proof of Proposition \6.1\ By Lemma [3.9( for a sufficiently small nice couple 
(y, V) we have 5^^a{V) < HD( J(/)). By Lemma[621 it follows that HD( J(/)) = 
HD(Jcon(/)), and that, 

(6.3) HD((J(/) n V) \ J(F)) < HD(J(/)). 

Hence HD(J(F) n F^) = HD(J(/)) for each c G Crit'(/). 

It remains to show that HDhyp(/) > HD(J(/)). To do this let D be 
the domain of F and consider an enumeration {Wn)n>i of the connected 
components of D. For each integer uq > 1 let Fng be the restriction of F 
to Un=i Then the maximal invariant set J{Fn) of F^ is contained in a 
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uniformly hyperbolic set of /. Together with jMU03| Theorem 4.2.13] this 
implies that, 

HDhyp(/) > lim HD(J(FJ) = HD(J(F)) = HD(J(/)). 

n— >oo 

□ 

Let us mention the following consequence of Lemma 16.21 and Theorem |B] 
to conclude this section. 

Corollary 6.3. Assume that f G ^ is expanding away from critical points 
and backward contracting. In the real case, assume furthermore that f is 
essentially topologically exact on the Julia set. Then 

HD(J(/) \ Jeon(/)) = 0. 

Proof. If Crit'(/) = then / is uniformly hyperbolic and the result is im- 
mediate. Otherwise the assumptions imply that / E s/* by Fact 12.81 By 
Theorem [Bl 5bad(/) = so the assertion follows by Lemma 16.21 □ 

This was shown in |GS09| Proposition 7.3] for rational maps satisfying the 
summability condition with each positive exponent, and in |PRL07| §1.4] for 
rational maps satisfying the TCE condition. See also |Sen03| for related 
results in the case of Collet-Eckmann interval maps. 

Remark 6.4. A direct consequence of Corollary 16.31 and of |Ha"i01| Theo- 
rem 0.2] is that a backward contracting rational map that is expanding away 
from critical points, and that is not a Lattes example, has no invariant 
line fields and is quasi-conformally rigid. In fact, the conclusion of Corol- 
lary [63] shows that such a map is "uniformly weakly hyperbolic" in the sense 
of tHaiOl]. 

6.2. Tail estimate. Let us start with some notation. Given a nice couple 
(y, y), let *Bo(^) = ^oiy) be the collection of the connected components 
of let *Bm(^), m > 1 be as before, and let £y be the collection of 
components of dom(/) \ K[V). 

For U G let 1{U) = lv{U) denote the landing time of U into V . Then 
for each U G £y, there exists U D U such that /'^^^ maps U diffeomorphi- 
cally onto a component of V. Moreover, if [/ V, then U CiV = 9. 

For each Y G ^^iy) with m > 0, we use 2)y to denote the collection 
of all simply connected sets W for which the following holds: there exist 
Y dW dW andU G £.v such that U C f{V) and such that f^+^ maps W 
diffeomorphically onto U and maps W diffeomorphically onto U. 

We will need the following lemma which is |PRL08[ Lemma 3.4]. It is 
worth noticing that this is the only place where we use a nice couple, as 
opposed to a nested pair of nice sets. 

Lemma 6.5. Let F : D ^ V be the canonical induced map associated 
to (y,V), let D be the collection of all the connected components of D and 
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let m{x) be the canonical inducing time of x £ D. Then we have, 

oo 

^=1) U %' 

m=0ye'B,7,(y) 

and for each fh > 0, Y £ ^^{V) and x G D OY , we have 
(6.4) m{x) =m+l + l{f'^+\x)). 

Proof. Clearly for each Y £ ^f^{V) and x G W £ Tly we have x £ D and 
m{x) < m + 1 + l{f"^^^{x)). Moreover, if y G ^^(F), then m{x) > fh, 
since Y is disjoint from any diffeomorphic pull-back of V by f^' for any 
m' < fh. It follows that for Y £ 5Sm(y), (fOj) holds for all x £ D CiY and 
Dp C S. 

It remain to prove that a connected component W oi D belongs to for 
some Y £ *Bm(^)- If the canonical inducing time m{W) is the first return 
time of W to V, then f{W) £ £v and, if we denote by Y the connected 
component of V containing W, then W £ Dy- Suppose now that m{W) 
is not the first return time of W to V, let n £ {l,...,m{W) — 1} be 
the previous last return time of W to V, and put W' := f"'{W). As we 
clearly have f{W') £ fiy, we just need to show that the pull-back y of ^ 
by /" containing W is bad. Arguing by contradiction, assume the contrary. 
Then by Lemma 13.81 Y is contained in a diffeomorphic pull-back of V by 
f^ for some j £ {1, . . . ,n}. Then f-'{W) is contained in a component U of 
dom(/) \ K{V). Clearly j + 1{U) < n, fj+^(^\W) C V and /J+'C^) maps a 
neighborhood of W diffeomorphically onto a component V. This implies that 
the canonical time of W is not greater than n, which is a contradiction. □ 

The following proposition is a crucial estimate. 

Proposition 6.6. Assume that f £ £/* satisfies the Q-Shrinking Condition 
for some slowly varying and monotone decreasing sequence of positive num- 
bers @ = {9n}^=i. Then for each sufficiently small symmetric nice couple 
{V,V)forf, with5bad{V) < HDhyp(/), there exists oq £ {5badiV),BBhypif)), 
such that for real numbers a,t, with 

a > ao, t £ {5badiV),a), 

the following holds: There is a constant Ci > such that for Y G Y £ 
-^ihV^) with fh > and each integer m > 1 we have, 



(6.5) diam(H^)" < Ci-D(y)diam(y)* 

weT)c,,wcY 



m{W)>m 




where D{Y) := dy{Y) ylogd^{Y) -\- 1) and m{W) is the canonical inducing 
time on W with respect to {V, V) . 
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To prove this proposition, we will apply a technique based on a Whitney 
decomposition of the complement of the critical values of f"^+^ : Y — t- f{V). 
The proof is rather long and we suspend it to ^6.31 and complete the proof 
of Theorem O and Corollary [D] now. 

Proof of Theorem\^ By Proposition 16. H the first part of the theorem holds. 
Now fix t G ((5bad(/)) HD( J(/))), and assume that / satisfies the 0-Shrinking 
Condition for some slowly varying and monotone decreasing sequence of 
positive numbers Q = {6n}'^^i- Let (V , V) be a sufficiently small nice couple 
so that the conclusion of Proposition 16.61 holds and such that (5bad(^) < 
Such a nice couple exists by Lemma 13.91 Then, 

oo 

Co:=Y, Yl D{y)di&m{YY < oo. 

Fix an integer m > 1, let D be the domain of the canonical inducing map 
associated to {V, V), and let D be the collection of its connected components. 
By Lemma 16. 5| 



(6.6) diam(l^)" = Yl Yl diam(VF)". 

wes,wcY m=oyg<B,7i(y) '^eDy.vycy 

m{W)>m m{W)>m 

Applying Proposition 16.61 with t replaced by t + a, we obtain that there is a 
constant Ci > such that for each integer m > and Y G *B^(1^) we have, 

diam(M/)° < CiD{Y) diam(y n ? )*+'^ ( ^ | . 

W(^T)y,WcY \i=m J 

m{W)>m 

Combined with (|6.6p and the inequality diam(yny)*^'^ < diam(y)* diam(y)'^, 
we obtain, 

Y diam(l^)" 

W^-SWCY 
m{W)'>m 

ym,=Oyg<B-(y) / \i=m / 

This proves the desired upper bound with C = CqCi. □ 

6.3. Proof of Proposition [6T6l The whole section is devoted to the proof 
of Proposition 16.61 By assumption, there exists Ci > and p > such that 
for any x G J{f) and any n > 1, the component of f^"{B{f'^{x),p)) that 
contains x has diameter not greater than CiOn- Let {V ^V) be a symmetric 
nice couple for / so that <5bad(^) < HDhyp(/) and V C S(Crit'(/), /9/4). Fur- 
thermore, let Kq > 1 and po G {^^p) t>6 the constants given by Lemma 13.101 
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for this choice of {V,V) and p and let oq G (0, HDhyp(/)) and Co,eo > 
be the constants given by Lemma 13.111 for the choice of V. We fix a > 
t G {Sha,diy),Oi), an integer m > 0, a connected component Y of f~'"^(y), a 
subset Y of Y, and an integer m > 1. Put s := min{m — m — 1, 0}. 

Let E be the set of all critical values of f"^~^^ : Y — )■ f{V). Since this 
map is a composition of unicritical maps, we have that for some C2 > 
independent of Y, 

(6.7) #^<(:72(iogd(y) + i). 

We shall define a family ^ of intervals/squares (of Whitney type) which 
cover J{f) n f{V) \ E and then pull it back by /"^ to obtain a family ^ of 
subsets of Y . For each P G we shall estimate the total size of elements 
of S)y contained in Y, which are roughly contained in P. For technical 

reasons, in the case that / is a rational map, we shall assume that f{V) is 
bounded in C. This assumption causes no loss of generality since we may 
conjugate / by a rotation in such a way that 00 is not in the closure of f{V). 

We identify C with in the usual way. For an integer n, by a dyadic 
interval of (geometric) depth n, we mean an interval of R of the following 
form: [k ■ 2~", (/c + 1) • 2""), where k is an integer. A dyadic square of 
(geometric) depth n is the product of two dyadic intervals of the same depth 
in C. For a dyadic interval (resp. square) Q, we use dep(Q) to denote its 
depth. Moreover, we use Q" and Q' to denote the closed concentric interval 
(resp. square) such that, 

diam(Q") = 2diam(Q') = 4diam(Q), 

and use Q be denote the smallest dyadic interval/square with Q ^ Q. 

1. In the real (resp. complex) case, let ^ be the collection of all dyadic 
intervals (resp. squares) Q such that 

Qnf{v)nJif)^^,Q" cf{v)\E, 

and such that Q does not satisfy these properties. Note that the elements 
of ^ are pairwise disjoint, and that, 

(6.8) U QD{f{V)nJ{f))\E. 

On the other hand, by the maximality in the definition of it follows that 
there is a constant C3 > independent of Y such that for each Q G ^ we 
have either, 

(6.9) Q"nE^$oi diam(Q) > C3 min dmmiV"). 

cGCrit'(/) 

For each Q G =S, let ^^{Q) be the collection of all components of /~™'~^((5)n 
Y and let ^ = Ugg^ ^{Q)- Furthermore, for each P G ^{Q) we denote 
by P' the pull-back of Q' by containing P. 
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2. We will now complete the proof of the proposition in the special case where 
there exist Q £ ^ and P G ^{Q) such that Y C P' . We assume that there 
is at least one element of Dy contained in Y, otherwise the desired estimate 
is trivial. Let n be given by Lemma 13.101 with some x £ Z := f"^+^(Y) and 
with 6 = diam(Z). Since there is at least one element of Dy contained in Y, 
it follows that Z contains an element of Sly- So we must fall into the first 
case of this lemma. Thus, the distortion of /" on f"^+^(Y) c -B(x, diam(Z)) 
is bounded by Kq, and we have, 

po/(2Ko) < diam(r+-+Hn) < P- 
Since our hypotheses implies that the distortion of J^+i on Y is uniformly 
bounded, it follows that there is a constant C4 > independent of Y such 
that, 

diam(Pr)° < C4 diam(y)" ^ diam(C/)". 

m{W)>m i(t/)>m-{n+m+l) 

By Lemma I3.11| if we put niQ := max{m — (n + m + 1), 0}, then we have. 



diam(VF)° < diam(y )° exp(-eomo) . 

m{W)>m 

Since diam(y) < Ci9n+m+ij the desired estimate follows in this case from 
the inequality diam(y)" < ~* diam(y)*6'";^~^^, and from the fact that 6 
is slowly varying. 

3. From now on we assume that for each P £ ^ the set Y is not contained 
in P' . This implies that there is a constant C5 > independent of Y such 
that for each P G ^ intersecting Y we have, 

(6.10) diam(P) < C5diam(y). 

Fix a neighborhood Vq of Crit'(/) with Vq (^V. For each U £ £,]/, choose 
a point zij £ U\E with f^'^^\zu) £ Vq. By the Koebe principle, there exists 
K > such that for all U £ iiy we have, 

(6.11) U Z) B{zu,K.dm-m{U)). 

Recall that we have fixed an integer m > 1 and that s = min{m — m— 1, 0}. 
For Q E ^ and P £ ^(Q), let 

£(Q; s) = {U£2.v:zu(^Q,U C f{V), 1{U) > s}, 

^y{P; s) = {W £ : W C Y,W n P ^ ^, f^+\W) £ £(Q; s)}, 

Q* = Q U I (J u \ , and P^ = PU I |J W 

Clearly f^+^{P^) C Q* and by flHUD) . we have 

(6.12) diam(P^) < (Cs + 1) diam(y). 
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Furthermore, we put 

:= {Q G ^ : there is P E ^(Q) such that s) / 0}. 

Clearly each Q G is such that £(Q; s) / 0. On the other hand, by ()6?8]) 
for each U £ £v contained in f{V) and with 1{U) > s, the point 2^ is 
contained in a unique Q G =S. Therefore we have 

(6.13) {VF E : C y, m(VF) > m} = U |J S)y (P; s). 

4. For each Q S fix xg G Q ^iid let ng > be the integer given by 
Lemma 13.101 with x = xq and S = diam((5" U Q*)- Since Q* contains an 
element of £vi we must fall into the first case of the lemma. So the distortion 
of f^Q on the ball Bq := B{xq, diam{Q" U Q*)), and hence on Q" U Q*, is 
bounded by Kq and we have, 

p>diam(r«(SQ)) >po. 

Since diam(Q') / diam(Q") is bounded independently of Y, it follows that 
there is a constant pi > independent of Y such that, 

(6.14) p > diam(/"'3(Q*)) > pi. 

5. For each n > let = {Q £ '■ uq = n}. We will prove that there is 
a constant Cg > independent of Y such that for each integer n we have 

(6.15) #^i<C^{#E + l). 

To prove this, we decompose £2n into the following subsets: 

^i = {Qe^i■.Q"r^E = 0}, 

^l = {Qe^i\ : there is U e £(Q; s) such that U D Q"}, 

We first observe that from (16. 9p . and from the fact that the elements 
of £2 are pairwise disjoint, it follows that #=S^ is bounded from above by a 
constant independent of Y . 

For Q e Bn\<2\-, there exists e G fl Q". Clearly, for each e ^ E, 
contains at most one element Q with Q" 3 e. Thus < #E. 

To complete the proof (16.15p . it suffices to prove that for each e G E, the 
cardinality of =^j^(e) = {Q G JS"^ : Q" B e} is bounded from above indepen- 
dently of Y. Since dist(e, Q)/ diam((5) < diam((5")/ diam((5) is uniformly 
bounded for Q G JS'^{e), the statement follows once we prove that any two 
elements Qi, Q2 of JS'^{e) have comparable diameters. To prove this we first 
observe that, by (|6.1ip . for each Q G the quotient diam(Q*)/diam((5) 
is uniformly bounded. On the other hand, for Qi,Q2 G ^%ie) the sets Q'[ 
and Q'[ both contain e, so the distortion of /" on Q'[ U U Q2 U Q*2 
uniformly bounded. Since furthermore, diam(/"'(Q^)) x diam(/"((52)) ^ 1) 
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we have diam((5i) x diam((52), and hence diam((5i) x diam((52)- This 
completes the proof of (I6.15p . 

6. For Q e put, 

(6.16) SQ := inf{/(C/) : U G £(Q; s)] G {s, s + 1, . . .}. 

For each U G £((5; s) we have 1{U) > nq, since f^^^\U) contains a critical 
point, while U C Q*, so : U — )• f"''^{U) is a diffeomorphism. Thus 
> ng, G £y, and l{rQiU)) > sq - uq. 

Let us prove that there exist constant Cy > such that for each Q ^ 
and P G S^{Q) we have 

(6.17) diam(VF)° < C7 diam(P5^)" exp(-eo(sQ - nq)). 

W€'3y{P\s) 

To this end, we first show that f^Q+^+'^\p^ has uniformly bounded dis- 
tortion. Indeed, since f"^~^^{PY) C Q*, and f^'^\Q* has bounded distortion, 
it suffices to prove that has bounded distortion. Since Q"nE = 0, 

the pull-back of Q" by that contains P is diffeomorphic, so by the 

Koebe principle, f"^~^^\p has uniformly bounded distortion. Moreover, for 
each W e Dy, U := f'^+'^{W) G £y, /™+i+'('^)-i|/J(T4^) has uniformly 
bounded distortion for j = 0,1,... ,m + l + l(U), since it extends to a diffeo- 
morphism onto the component of V that contains f^^^\U){c V). Therefore, 
jm+i|^ has uniformly bounded distortion. It follows that /™'"^^|Py has uni- 
form bounded distortion. ^ 

Consequently, there is a constant Cg > independent of Y such that, 

^ diam(T^)" < Cs^^^^;^;^ <ii.m{niU)r. 

Together with (|6.14p and Lemma I3.1H this implies (|6.17p . 

7. We are ready to complete the proof of the proposition. For P £ ^ with 
T)y{P;s) / 0, let Q = f^+^{p) e Since /"Q+^+i(p*) c /"«(Q*) and 
diam(/"«((5*)) < p, we have 

(6.18) diam(P^) < dO^^+f^+i. 

So by (fCT) and (lOTl) . if we put Cg = C7(C5 + ifC^'^ we have, 

5^ diam(iy)- < Cg diam(y)*0^-^~^, exp(-6o(sQ - n^)). 

W&'Sy{P\s) 

This inequality certainly holds also in the case Sy(P;s) = 0. For each 
Q G we have #^(Q) < d^{Y), so 

diam(iy)" 



Pe^iQ) VKeZ)y(P;s) 



< Cgd^(y) diam(y)*e^-^~^, expi-eo{sQ - uq)). 
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Recall that for each Q G we have sq > max(nQ,s). Thus, by (I6.13P we 
have, 

oo 

diam(VF)" = ^ Yl Yl diam(VF)" 

WCY 

oo 

< Cs,d{Y) diam(y)* ^ exp(-eo max(0, s - n)). 

oo 

< CgCelCs + l)D{Y) diam(y)* ^ exp(-eo max(0, s - n)), 

n=0 

where in the last inequality, we used (|6.15p and (|6.7p . The desired inequality 
follows from the fact that the sequence {On}'^=i is slowly varying. 
The proof of Proposition 16.61 is completed. 

6.4. Proof of Corollary [D1 The whole section is devoted to the proof of 
Corollary [D] The crucial step is to prove existence of a conformal mea- 
sure supported on Jcon(/) and the uniform estimate on its local dimension. 
The rest is a rather simple application of Young's result. We shall use the 
following lemma which is proved in |PRL07| Theorem 2] in the complex case. 

Lemma 6.7. Assume that f G ^* has a nice couple {V,V) such that the 
associated canonical inducing map F : D ^ V satisfies the following: 

1. For every c £ Crit'(/) we have HD(J(F) n F^) = HD(J(/)). 

2. There exists a G (0, HD(J(/))) such that ^^y^j, diam(Ty)" < oo, 
where D is the collection of components of D. 

Then f has a conformal measure ji of exponent HD(J(/)) which is supported 
on Jcon(/); CLnd satisfies HD(/x) = HD(J(/)) and fj,{V \ D) = 0. This 
measure is ergodic and it is the only conformal measure of exponent less 
than or equal to HD(J(/)) supported on J{f). 

Proof. This is a slight modification of the proof of |PRL07| Theorem 2], 
given for rational maps. The modification is necessary for the real case since 
it is a priori unknown whether a conformal measure of exponent HD(J(/)) 
exists. As in the complex case, the assumptions imply that F has a conformal 
measure v of exponent to '■= HD(J(i^)) = HD( J(/)), with v{J{F)) = 1, and 
HD(z^) = HD(J(i^)). Note that we do not need F to be topologically mixing 
since HD (J(i^) n V^) does not depends on c. 

Let G : dom(/) \ KiV) — )■ V denote the first landing map to V , i.e., for 
each X G dom.{f)\K{V), G{x) = f^{x), where s is the minimal non-negative 
integer such that f^{x) G V. For each component W of dom(/) \ K{V), we 
define a measure ^ follows: 

i,y^,(E)= [ {DiGlWy^f^dfi, for E CW. 
Jg{e) 
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Since / is expanding outside the critical points, the distortion of G\W is 
bounded from above by a constant independent of W. Thus there is a 
constant C > such that i'w{W) < C diam(VF)*° for every component W 
of dom(/) \ K{V). Since ^^diam(PF)" < oo holds for some a < HDhyp(/) 
(Lemma 13.111 with m = 1), the measure /xq := Ylw '^W is finite, supported on 
Jcon(/)i and its Hausdorff dimension is equal to HD(J(F)) = HD(J(/)). It 
remains to prove that for any Borel set A C for which /|A is injective, 
we have 

MfiA)) = [ \Dff»df,o. 

J A 

By writing ^ as a finite union of subsets, we only need to consider the 
following cases: 

Case 1. An {KiV) U {V \ D)) = 0. Then this equality holds, as shown in 
Cases 1 and 2 of the proof of Proposition B.2 of |PRL07| . 
Case 2. A C K{V). Then the equality holds since both sides are equal to 0. 
Case 3. ^ is a finite set. As clearly fiQ has no atom, the equality holds. 
Case 4. A C V\{DU Crit'(/)). In this case, Mo(^) = 0, so we only need to 
prove /xo(/(^)) = 0. Since x £ A has no good time, /(x) can only have at 
most finitely many good times, so either f{x) G K(V) or G{f{x)) J{F). 
Thus G{f{A) \ K{V)) C V \ J{F), so MfiA)) = 0. 

The ergodicity and uniqueness of follow from the fact that it is supported 
on Jcon(/)) by [ DMNU98] or |McMOO) . where only the complex case was 
considered, but the proof extends without changes to the real case. □ 

Proof of CorollaryWi 

1. Assume -f{f) > 1. Choose do £ (HD(J(/)) - e,HD(J(/)) - <5bad(/) - 
/3max(/)-'), t G (<5bad(/),HD(J(/))) and /3 G (0,/3^ax(/)) so that, 

^(HD( J(/)) - t - do) > 1. 

Let {V, V) be a nice couple for / given by Theorem [Cl for this choice of t and 
for @ = {n~^}'^^^. Applying this theorem with a = HD( J(/)),(T = 0, m = 
1, and with Y equal to each of the connected components of V, we conclude 
that the nice couple {V, V) satisfies the hypotheses of Lemma 16.71 So, a 
conformal measure /i of exponent HD(J(/)) exists satisfying all the desired 
properties except that (12. 4p is to be shown. To do this, take p > and 
let pq, kq and Kq be given by Lemma 13.101 for this choice of p and (y,V). 
Given 6 > and x G J{f), let n > be given by this lemma. In the first 
case of this lemma, it follows from the conformality of p and the distortion 
bound of /" on B{x,6), that there is a constant Cq > independent of 6 
and x such that, 

Mi?(x,5))<Co<5™W)). 

Suppose now that we are in the second case of Lemma I3.10| and denote by Tl 
the collection of connected components of D. Then, using p(y \ D) = 
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(Lemma 16. 7p . we have 

WeT>,Wnf"{B{x,S))jt9 W&'S,Wcf"{B{x,KoS)) 

Since for each W €z D the map f™-(^)\W extends to a diffeomorphism onto 
a connected component of V, it follows from the Koebe principle that there 
is a constant Ci > such that for each W G D we have, 

(6.19) fi{W) < Ci diam(W^)™(''(^)). 

We thus have, 

^x{^{B{x,6))) <Ci J2 diam(W)H^(^(-^)). 

We'S,Wcf"{B{x,Ko5)) 

Applying Theorem O with a = HD(J(/)), a = ao, Y = P{B{x,ko5)), and 
m = 1, we conclude that there is a constant C2 > independent of (5 and x 
such that, 

/z(r(i?(x,<5))) < C2dmm{r{B{x,K^5))r < C!,dmm{r{B{x,6))r, 

where C2 = C2{hoKq)°''' . By the conformality of fj,, the distortion bound 
of on B{x,6), and the fact that \Df{y)\ > po for all y G B{x,5), we 
conclude that there is a constant C3 > independent of 5 and x such that 
p{B{x,5)) < Csd^o. This completes the proof of (fOj) . 

The fact that either HD(J(/)) < HD(dom(/)) or J{f) has non-empty in- 
terior follows from the existence of a conformal measure supported on Jconif), 
see for example [ GS09| §8.2]. 

2. Assume 7(/) > 2, fix 7 G (0,7(/) - 2), and put 7 = 7 2. Taking t > 
^bad(/) closer to (5bad(/), and /3 G (0, /3max(/)) closer to /3max(/) if necessary, 
we assume that /3(HD(J(/)) — i) > 7. Applying Theorem O with a = 
HD(J(/)), (7 = and with y equal to each of the connected components 
of y, we conclude that there exists C4 > such that for each m > 1, 

00 

^ diam(W^)™(-^(/)) <C^Y1 n-/^(™(j(/))-t) 

VyGS),m(Vy)>m n=m 

00 
n=m 

Thus by (|6.19p we obtain, 

H{{x G L> I m{x) > m}) < 2CiC4m~^+^ 

Taking (V, V) smaller if necessary, we may assume that for some c G Crit'(/) 
the set 

{m{W) I W connected component of D n such that F{W) = V^}, 

is non-empty and its greatest common divisor is equal to 1. This last result is 
proven in |PRL07[ Lemma 4.1] for rational maps and its proof works without 
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change for interval maps in si* . Then we proceed in a similar way as in 
the proof of Theorem B and Theorem C of |PRL07| . applying L.S. Young's 
results in |You99| to the first return map of F to □ 

7. POINCARE SERIES 

In this section we give the proofs of Theorems |E1 |F] and [Gl based on 
estimates of the Poincare series and their integrated versions, that we state 
as Propositions 17.11 and 17.21 

Fix / S si . Recall that for s > and for a point xq S dom(/), the 
Poincare series of / at with exponent s, is defined as 

oo 

^(3;o;s) = ^ Vm{xQ\S), 
m=0 

where 

xe/-™(a:o) 

Clearly, if /u is a conformal measure of exponent s and without an atom, then 
d{{f'^)^^) / d^JL = Vmi', s) on a set of full measure with respect to /i. 
For a subset Q of dom(/) and an integer m > 0, let 

OmiQ) = sup{diam(P) : P G .^„(Q)}, and 0iQ) = sup 0„(Q). 

m=0 

Moreover, for s > we let, 

oo 

^m{Q; s)= Yl ^Q(^) diam(P)^ and ^{Q; s) = ^ s), 
P£^m(Q) rn=0 

where dg is defined as in §2.2.21 Note that if x G J{f) is disjoint from the 
critical orbits, then 

For z G and m > 0, let 

z, U /^■(Crit'(/)) 
j=0 

Let £ £ (0, 1/2) sufficiently small so that the constant K{2e) given by the 
Koebe principle (Lemma 13. ip satisfies K{2e) < 2, and put 

Uiz) =9m (B iz,eAmiz))). 

Given a nice set V, let 5So = ^o{V), and for m > 1, let 53^ denote 
the collection of all elements Y G ^rniy) which are bad pull-backs of V. 
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Moreover, for s > 0, let 

oo 

^t^\V-, s)= dy{^) diam(y)^ ^"^-"{V; s) = ^ ^^"^(F; s). 

Our main technical results of this section are the following: 

Proposition 7.1. Assume that f £ £/* has a conformal measure of expo- 
nent ho > 6had{f)- Then for each sufficiently small nice couple {V,V), the 
following hold: 

1. For any s > ho and t £ (0, s), there exists a constant C > such 
that for each z £ V D J{f), we have 

oo 

(7.1) r{z; s)<CY, ^l^'iV, t)U{zr-'A„,{zr\ 

m=0 

2. For each t £ (0, /iq) there exists C > such that for each z £ J{f)r]V 
and each integer n > 1, 

n 

(7.2) Vn{z;ho)<CY^i^'{V,t)U{zf'-'Am{z)-''°. 

m=0 

Proposition 7.2. Assume that f £ £/* has a conformal measure // of expo- 
nent /iQ > Sbadif) such that /3max(/)(^o ~^badif)) > 1 such that for each 
open set U intersecting Crit'(/) we have ^jl{U) > 0. Then there exists (5o > 
such that for each z £ J{f) and each s > Hq, ^{B(z,6o); s) < oo. Moreover, 
Jcon(/)) = 0, then we also have ^{B{z, Sq); Hq) < oo for each z £ J{f)- 

Notice that in the proposition above the conformal measure ^ might not 
charge J(/). 

We shall suspend the proof of these propositions until ^7.41 Let us now 
deduce from them Theorems [E ] [Fl and |G | in § ^7.H [7^ and [7?3| respectively. 

7.1. Proof of Theorem |El This section is devoted to the proof of Theo- 
rem |Ej So assume that / £ £/* satisfies 7(/) > 2. 

Let (3 £ (0,/3max(/)), t > (5bad(/), and q £ (g(/), ^) be such that 

t + 2/3-1 < HD( J(/)) =: ho, and 

h := -^{ho-{ho-t-2f3~')/q) < /lo - '^bad(/) - /3max (/)"'• 

q — 1 

We will prove that there is a constant Cq > such that for each Borel 
subset A of J{f), and each integer n > we have 

(7.3) /i(/-"(^)) < CoM(/(A))i/^. 

Note that this will complete the proof of the theorem. Indeed, this implies 

- X^iLo f*l^ I 

" J n=0 

is such that for each Borel subset A of J(/) we have u'{A) < CoK^y^'^- 
Thus i^' is an invariant probability measure that is absolutely continuous 
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with respect to /i, and since p < by our choice of q, we also have that 
the density of u' with respect to /i belongs to L'P(fi). By ergodicity of /x, we 
have v = v' . 

1. We first prove that there exists a constant Ci > such that for each 
Borel subset B of dom(/), we have 



(7.4) 



j ^-h{i-i/q)^^ <Ci{m + l)^(B) 
Jb 



!/<? 



Indeed, since h < ho — (5bad(/) — /3max(/) ^, by part 1 of Corollary [P] there 
exists C2 > such that for each zq G J if), we have 

/ dist{zo,zy^dfi{z) < C2. 

By Holder inequality, for each Borel subset A of dom(/), we have 

A\si{zo,z)-^^^-^/'iUii{z) < cl'^^'fiiBy/". 

B 

Thus, the desired inequality holds with Ci = #Crit'(/)C2 

2. Now let {V,V) be a sufficiently small nice couple so that (5bad(^) < t. 
Since / has a conformal measure of exponent /iq = HD(J(/)), by Proposi- 
tion 17.11 there exists a constant C3 > such that for each z £ V 



(7.5) Vn{z; ho) <CsY^ if^"^(^, t + 2r')Uizf'-'-'^" A^iz) 



Let us prove that there exists C4 > such that 



(7.6) < Q ^ ^r(^,t + 2/3-^)A^+i(/(.))-'^(i-i/^). 

Indeed, there exists a constant C5 > 1 such that for each z G V we have 

(7.7) A™+i(/(z)) < C5\Dfiz)\A^iz). 

Since q < (/(/), by our choice of e we have for some constant Cq > 0, 
Uiz) < 9m+iiBif{z),2e\Dfiz)\A^iz))) < Cei\Df{z)\A^iz))'/'^. 

Inequality (17. 6p follows using (17. 7p . and the definition of /i. 

3. Let (y,V) be as above. We prove that (|7.3p holds for all Borel sets 
A G V. Without loss of generality, we may assume that f\A is injective. 
Then 

KmA)) = I^V^iz;ho)dKz) = l^^^^^^d^^^)^ 
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where w = f{z). By (I7.6P and (17. 4p . this imphes 

n „ 

Z^n J f(A) 



m=0 



m=0 

Now fix (3' G /3max(/))- Then there is a constant C7 > such that for 
each Y G ^m{y)^ we have 

diam(y)*+2/3-' < Cjd{Y) dmm{Y)\m + 2)-"^^', 

which imphes 



Cg := ^ if^'i (t>; t + 2/3-1) (^^3) < ^^^^ {v- 1) {m+2f 

m=0 m=0 

00 

< Cr^'^-'i (y; (m + 2)1-2/^''^" < 00. 



2/3'/3- 



rra=0 

This proves that for Borel sets A C V, the inequahty (|7.3p holds with Cq = 
C1C4C8. 

4. It remains to prove (|7.3p holds for all Borel sets A C \ V. The case 
n = is trivial, so we shall assume n > 1. For m > 1, let = {z G J{f) '■ 
z,fiz),...,r-'{z) i V} and Am = {z & : r-\z) G ^}. Then for 
any n > 1, we have 

/-"(^) = u ( U /-("""^H/^'l^m) n v)] . 

\m=l / 

By what we have proved in part 3, it suffices to show there exist Cg > and 
K G (0, 1) such that 

(7.8) ^i{Am) < Cg^^'flifiA)). 

To this end, let V ^Vhea nice set and let X'^ = {z e J{f) : z, f{z), /™-i(z) ^ 
V'}. Then by the latter part of Lemma I3.1H fi{X'm) is exponentially small 
in m. Clearly, there exists a small constant p > such that for each 
z G Xm, the map /"^ maps a neighborhood U{z) of z diffeomorphically 
onto B{f'^{z), p) with uniformly bounded distortion, and such that U{z) H 
J if) C Xm- It foUows that for w G J(/), 

5;eX™,/'"(2)=u. 2;GX„,/"(z)=ui 

Since 



niAm) = / Vm{w,ho)dp{w), 
Jf{A) 

inequality (|7.8p follows. 

We have completed the proof of Theorem |Ej 
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7.2. Proof of Theorem [FI This section is devoted to the proof of Theo- 
rem |F1 which is based on the following proposition. 

Proposition 7.3 (Poincare series). Assume that f £ £/* satisfies 7(/) > 1- 
Then 6pom{f) = HD(J(/)). More precisely, we have 

1. For every xq G dom(/) that is not asymptotically exceptional, we 
have P(xo,HD(J(/))) = oo. 

2. There is a subset E of J{f) with HD(ii^) < HD(J(/)) and a neigh- 
borhood U of J{f) such that for every xq € U \ E, and every s > 
HD(J(/)), the Poincare series V{xo,s) converges. 

Proof. By Corollary [DI / has a conformal measure /i of exponent HD(J(/)) 
which is supported on Jcon(/)- 

Part 1 follows from the existence of such a conformal measure, see for 
example |McMOO[ Theorem 5.2]. 

To prove part 2, take to G ((^bad(/), HD(J(/))) and /3 £ (0,/3max(/)) such 
that 7 = (HD(J(/)) - to)/3 > 1, and let h = RD{J{f))/j. Put 

^0 := n I U U B{f^{c),n-'/'^)\ ,E^=Eou(l) r(Crit'(/)) ] 

no>l \n>no cGCrit'(/) / \n=l / 

Moreover, let {V, V) be a nice couple such that 5bad(V^) < and put 

oo 

E = {K{v)nJ{f))u(jf-^{E,). 

n=0 

Then HD(Si) = RBiEo) <h< HD(J(/)), so }ID{E) < HD(J(/)). 

By the (essentially) topologically exact property of J{f), we have that 
IJl{B{x,5)) > for every x G Crit'(/) and every > 0. Let (5o > be the 
constant given by Proposition 17.21 for the conformal measure fj, and /iq = 
HD(J(/)). Let U be the Jo-neighborhood of J(/). Reducing 6o if necessary 
we assume that U \ J{f) is disjoint from (JJ^^ /"'(Crit(/)). 

We first prove that for x £ U\J{f), and s > HD(J(/)), we have V{x, s) < 
oo. To this end, take z G J{f) such that x G B{z,5q), and take 5 > small 
such that B{x, 26) C B{z, 6o)\J{f). Then by the Koebe principle, we obtain 

P(x,s) xif,(S(x,5)) < Jf,(5(z,5o)) <oo. 

To complete the proof, let us prove that V{x; s) < oo for all x £ J{f) \ E 
and s > HD(J(/)). Since x Kiy)^ there exists n > such that xq : = 
/"(x) G \ El. It suffices to prove that V{xq]s) < oo. To this end, we 
first observe that there exists a constant C{xq) > such that Am(xo) > 
C(xo)(m + 1)"^/'' for all m = 0, 1, . . .. Next, letting t £ (0, s) be such that 
P{t — to) > s/h, we have that there is a constant Co > such that for each 

Y G ^rr^iV), 

diam(y)*-*oA„(xo)-" < CoC{xo)''m-^^^-^'^'^m'/^ < CoC{xo)-', 
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SO 

By (|7.ip . we obtain that there are constants C, Ci > such that, 

oo 

V{xo; s)<CY, -^i^^y, t)e™(xo)^-*A^(xo)-^ 

m=0 

oo oo 

<CiY. ^^-'^(y;t)A™(xo)-^ < CiCoC(xo)-^ Yl ^™ ''(^'*o) < oo. 

□ 

Proof of Theorem\^ By Theorem [Cl and Corollary |D] we have HD(J(/)) = 
HDhyp(/), and there is a conformal measure of exponent HD(J(/)) sup- 
ported on the conical Julia set of /. On the other hand, by Proposition 17.31 
the Poincare exponent of / is equal to HD(J(/)). So, to complete the proof 
of the theorem it would be enough to prove BD( J(/)) < (5poin(/)- If Jif) has 
a non-empty interior, then there is nothing to prove. So let us assume the 
contrary. Then the Julia set has zero Lebesgue measure by part 1 of Corol- 
lary |D] In the case / G £/c, the conclusion then follows from |GS09| Fact 8.1 
and Lemma 8.2], in which BD(J(/)) = Spoinif) was proved directly. The 
proof extends to the case of / G with the following minor modifications 
and gives us the desired inequality: 

• Replacing / by another map with the same Julia set, we may assume 
that / has no neutral cycle, so that each periodic component of 
^ := dom(/) \ J{f) contains a hyperbolic attracting periodic point; 

• Instead of taking one point Zj from each cycle of periodic components 
of we may need to take two points, as in the real case, we may 
only find a "fundamental domain" which is the union of two intervals; 

• Instead of the displayed formula (24) in page 392 of [GS09j de- 
rived from |GS98a[ Lemma 7], we apply the Koebe principle and 
obtain a one-sided inequality: dist(y, J(/)) > C~^\Df^{y)\~^ for 
y G f'~'^{zj), where C is a Keobe constant. 

□ 

7.3. Proof of Theorem [Gl If Crit'(/) = then / is uniformly hyperbolic 
and the result follows easily from the removability result |JSOO[ Theorem 5], 
see also |GS09[ Fact 9.1]). The latter statement follows from the former one 
by Theorems |A]and[Bl by Fact[2j]and by |RLn7[ Corollary 8.3]. To prove the 
former statement assume /3max(/)(2 — (5bad(/)) > 1- By |JSOO[ Theorem 5], it 
suffices to prove that for every x £ Jif) there exists Sq = 5(){x) > such that 
^{B{x,6o);2) < oo. To do this, take /3 G (0,/3max(/)) and t > (^bad(/) such 
that /3{2 — t) > 1. Since the normalized Lebesgue measure ^ is a conformal 
measure of exponent 2 and /i(Jcon(/)) = 0, Proposition 17.21 applies and gives 
us the desired property. 
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7.4. Proof of Propositions 17.11 and 17.21 Let y be a nice set. For each 
integer n > 1, each W G ^n{V) and each z e V H J{f), let 

yef-"iz)nw 

Moreover, for Q C V let ^w{Q) C ^n{Q) be the collection of components 
of /-"(Q) n W and let ifiy(Q; s) = Epe.^MQ) dqiP) dmra{PY . 

Let &q{V) = ^q{V) and for n > 1, let ^niV) be the collection of all 
diffeomorphic pull-backs of y by For Q dV , define 

oo 

= U -^wiQ), and J^°{Q) = IJ 
VKe0„(t/) "=o 

Moreover, let ^°{Q] s), ^°{Q; s), V°{z; s) and V°{z; s) be defined in a self- 
evident way. 

Now let us prove Proposition 17.11 We start with a lemma proving upper 
bounds for and 

Lemma 7.4. Assume that f G £/* has a conformal measure fx of exponent Hq 
that charges each open set intersecting Crit'(/). Then the following hold: 

1. For s > Hq, we have ^"(V; s) < oo; 

2. sup-o^n(^;/io) <oo; 

3. If furthermore /i(Jcon(/)) = 0, then J^"[V]hQ) < oo. 
Proof. 1. Let us first prove 

(7.9) C := diam(Ty)" < oo. 

W&.^°{V);WCV 

Indeed, each W G ^°{V) with C ^ is a component of dom(F") for some 
n > 0, and has uniformly bounded distortion. So 

Y diam(VF)''o < C7/i(dom(F")). 

W: component of dom(_F"') 

Since diam(M^) is exponentially small in terms of n, the same sum, but with 
the exponent /iq replaced by some s > /iq, is exponentially small with n. 
Hence (f7T9|) holds. 

Let us spread the estimate to all W G ^°{V). Let L : dom(/)\K(y) V 
denote the first landing map onto V . Since the distortion of L on each 
component of its domain is uniformly bounded, as above we obtain that 

diam(C/)'"' < oo, hence Ci := ^ diam(;7)'' < oo, 

where £y denotes the collection of connected components of dom(/) 

Note that each W £ ^°{V) is contained in some U € £y, and L{W) G 
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^"(V). By the bounded distortion property of L, 

W£.4'°{V),WCU ^ ^ " W£.4^°{V);WCL{U) 

Since L{U) is a component of V, we obtain that 

^"{V;s) <C3 y diam{Uy ^ diam(Ty)" < oo. 

UeStv WG^°{V);WCV 

2. For each W G ^°{V), maps diffeomorphically onto a component 
of V and the map has uniformly bounded distortion, so 

C-^ diamiW^'' < fi{W) < Cdiam(VF)^«, 
where C is a constant independent of W. It follows that 

^°{V; ho) = Yl diam(VF)^o < C7/i(dom(/)) < C. 

3. Arguing as in the proof of part 1, it suffices to prove that /i(dom(F"')) is 
exponentially small in terms of n. But the assumption that /i(Jcon(/)) = 
implies that for each component Vc of V, /i(V^ \ dom(F)) > 0, hence by the 
Koebe principle, ^{dom{F^)) decreases exponentially fast. □ 

Lemma 7.5. For each m > 0, W €z ^miV) and each s > t > 0, we have 

(7.10) ^wiQ; s) < dyiW) di8.m{WYem{Qy~\ forQcV 
Moreover, there exists C > such that 

(7.11) Vw{z; s) < Cd^iW) diamiWYUizy^mizy, for z G J(/) n V. 

Proof. For each P G ^y[r{Q), we have diam(P) < diam(Ty) and diam(P) < 
^m(Q)- Then inequality (17.10p follows from, 

^w{Q;s)< ^q(^) diam{Py < dy{W) sup diam(P)* 

P€^wiQ) P^^wiQ) P€.^w(Q) 

To obtain (|7.1ip . observe first that each pull-back of B(z, Am{z)) by /™ 
is diffeomorphic, so by the definition of e for each P G ^rniB{z, 2£Am{z))) 
we have, 

iDf^iif^^lPy^zyi-' < (2e)-idiam(P)A„(z)-i. 

So the inequality (|7.1ip follows from (|7.10p . □ 

Lemma 7.6. For any s > t > 0, there exists C > such that for each 
Q C V and z £ V J{f), we have 

n 

(7.12) s)<C'Y ^:.^{V; s)^^\V; t)QMT\ 

m=0 
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(7.13) s)<C'Y, -^n^miy; s)^^\V- ^)e„^(z)^-*A„(z)-^ 

m=0 

Proof. For each W G let k(W) be the minimal integer in {0, 1, . . . , n} 

such that f^-KW) maps a neighborhood of W diffeomorphically onto a 
component of V and let Y^y be the component of that con- 

tains p-''^^){W). Then Yw G 'Bfc(vi/)(F). Note that for each P G ^vk(Q) 
we have P' ^= p-k{W)(^p-^ ^ y indeed, if k{W) = 0, then P' = Q CV; 
otherwise, Y\y is a bad pull back of V and hence P' C Y\y C y. Given 
A: G {0, 1, . . . , n} and U G ^°_j^{V), by Koebe principle and (|7.10p there are 
constants Co > and Ci > such that, 

^ <Codiam([/r ^ ^y(Q;s) 

fc(Ty)=fc,wcf/ 

< Ci diam(C/)^^^^(y;t)0fe(Q)^-*, 

where in the second inequality, we used (|7.10p . Summing over all k = 
0, 1, . . . , n and [/ G ^°_k{V), we obtain (17^21) . 

Repeating the argument, using (|7.1ip instead of (|7.10p . we obtain (|7.13p . 

□ 

Proof of Proposition 1 7. 1[ Inequality (|7.2p follows from (|7.13p with s = ho, 
and from part 2 of Lemma 17.41 Again by (I7.13P , when s > ho we have 

oo oo oo 

n=0 71=0 m,=0 

oo oo 

n=0 m=0 

which implies (|7.ip by part 1 of Lemma 17.41 □ 

Proof of Proposition VTM Take < /3 < /3niax(/) and t > (5bad(/) such that 
(3{ho -t) > 1. Let (y, V) be so small such that (5bad(^^) < t and e{V) < 1. 
Fix a constant s > ho if /i(Jcon(/)) > and s > ho otherwise. We first prove 
that there exists C > such that for any Q C V, we have 

(7.14) ^{Q;s) <ceiQy~'. 

Indeed, in case s > /iq by part 1 of Lemma 17.41 and in case /u(Jcon(/)) = 
by part 3 of that lemma, we have ^°{V; s) < oo. So by (|7.12p . we have 

oo oo n 

^{Q;s) = J2'^niQ;s)<CY,Y.-^n-m{V;s)^t^{V;t)eUQr-' 

n=0 n=0 771=0 

oo oo 
k=Om=0 
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thus (f7l4]) holds. 

To prove the proposition, it suffices to show that each x £ J{f) has a 
neighborhood such that ^[Bx] s) < oo since J(/) is compact. 

By (17141) . ^{V;s) < oo, so for x £ V n J{f), we may take B^ = V. 
For X G J(/) \ K{V), letting n > be such that /"(x) G V and taking 
-B^. 3 X such that /"(i?^) C we have ^{Bx\s) < oo. So let us assume 
that X £ K{V) n J(/). 

Let (5o > be sufficiently small so that every pull-back of B[x,25q) in- 
tersecting Crit'(/) is contained in and such that for every y E K(y) 
and every n > 1 the pull-back of B {f^ (y) , 25q) by /" containing y is dif- 
feomorphic. Let us prove that (5o); s) < oo. Let be a pull-back 

of contained in B{x,6o). Let be the collection of all those pull-backs 
of B{x,6o) such that the corresponding pull-back of B{x,25q) is diffeomor- 
phic and let i^' (resp. Sj") be the collection of all pull-backs of B{x,25q) 
that are non-diffeomorphic (resp. that intersect Crit'(/)). Then there is a 
distortion constant Cq > 1 such that, 

dBix,s,){W)dia.m{Wr < Co^{W.;s) < oo. 

It is thus enough to prove that 

dB(xM){W) diamiwy < oo. 

Not that for each integer n > 1 there is at most one pull-back of B{x, 25o) 
by /" containing a given element of Crit'(/). On the other hand, since / 
satisfies the Polynomial Shrinking Condition with exponent /3, there is a 
constant Ci > such that for each integer n > 1 and each pull-back Q 
of Bix, 26o) by /" we have e{Q) < Cm"^. Thus 

oo 

J2 ^(Qy~' < #Crit'(/)Cr*^n-/5(^-*) < oo. 
Qery n=i 

Therefore, 

dBi.MiW)di^m{Wr < Y 2W(/)^(Q;s) 

< 2W(/)c Y ^(Qy~' < ^■ 

□ 
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STATISTICAL PROPERTIES OF ONE-DIMENSIONAL 
MAPS UNDER WEAK HYPERBOLICITY ASSUMPTIONS 

PROPRIETES STATISTIQUES DES APPLICATIONS 
UNIDIMENSIONELLES SOUS DES HYPOTHESES 
D'HYPERBOLICITE FAIBLES 

JUAN RIVERA-LETELIERt AND WEIXIAO SHEN* 



Abstract. For a real or complex one-dimensional map satisfying a 
weak hyperbolicity assumption, we study the existence and statistical 
properties of physical measures, with respect to geometric reference mea- 
sures. We also study geometric properties of these measures. 



Resume. Pour une application unidimensionelle reelle ou complexe sa- 
tisfaissant une hypothese d'hyperbolicite faible, on etudie I'existence et 
proprietes statistiques des mesures physiques, par rapport a une mesure 
de reference geometrique. On etudie aussi des proprietes geometriques 
de ces mesures. 

1. Introduction 

We study statistical properties of real and complex one-dimensional maps, 
under weak hyperbolicity assumptions. For such a map / we are interested 
in the existence and statistical properties of an invariant probability mea- 
sure V supported on the Julia set of /, that is absolutely continuous with 
respect to a natural reference measure. The reference measure [i could be 
the Lebesgue measure on the phase space, or more generally a conformal 
measure supported on the Julia set. When ergodic, such an invariant mea- 
sure V has the important property of being a physical measure with respect 
to yU. That is, for a subset E of the phase space that has positive measure 
with respect to /x, the measure v describes the asymptotic distribution of 
each forward orbit of / starting at a point in E. 

For maps that are uniformly hyperbolic in their Julia set, the pioneer 
work of Sinai, Ruelle, and Bowen |Sin72| IBow75| IRue76) gives a satisfactory 
solution to these problems. See also |Sul83| for an analysis closer to the 
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Science and Technology of China and the National University of Singapore. 

* Partially supported by a start-up grant from National University of Singapore (Grant 
No. R- 146-000- 128- 133). 
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approach here. However, a one-dimensional map with a critical point in 
its Julia set fails to be uniformly hyperbolic in a severe way. In order to 
control the effect of critical points in the Julia set, people often assume strong 
expansion along the orbits of critical values. See for example [CE80' 'Mis81| 
INvS91[lKN92llYou92[IBLVSn3) in th e real setting, and [Prz98, GS98a, GS09] 
in the complex setting. See jBDV05| for a broad view in the one-dimensional 
setting, as well as in the higher dimensional one. 

For smooth interval maps. Bruin, Luzzatto and van Strien gave mixing 
rates upper bounds closely related to the growth of derivatives at the critical 
values |BLVS03] . Our results reveal that, rather surprisingly, the mixing 
rates can be much faster than the growth of derivatives at critical values: an 
interval map / satisfying the Large Derivatives condition 

lim \Df'^{v)\ = oo, for each critical value v oi f in the Julia set 

n— >oo 

together with other mild conditions, has a super-polynomially mixing abso- 
lutely continuous invariant measure. 

In the complex setting we show a similar result for a non-renormalizable 
polynomial /. These are the first non-exponential mixing rates upper bounds 
in the complex setting. For a general rational map / without parabolic 
cylces we show that the summability condition with exponent 1 is enough to 
guarantee the existence of a super-polynomially mixing absolutely continuous 
invariant measure. 

We shall now state two results, one for the real case and another for the 
complex case, and make comparisons with previous results. In order to avoid 
technicalities, we state these results in a more restricted situation than what 
we are able to handle. See ^2. II for a more general formulation of our results, 
and for precisions. 

Recall that given a continuous map / acting on a compact metric space X, 
an /-invariant Borel probability measure v is called (strongly) mixing if for 
all e L'^i^, '^), 

-0) := / ifopijjdi'- I ipdv I ipdu ^ 
Jx Jx Jx 

as n — )• oo. Given 7 > 0, we say that v is polynomially mixing of exponent 7 
if for each essentially bounded function 99 and each Holder continuous func- 
tion tj), there exists a constant C{ip,ip) > such that 

\'rfni^,ip)\ < C{^p,ip)n-^, for all n = 1, 2, . . . . 

Moreover, we say that 1/ is super-polynomially mixing if for all 7 > it is 
polynomially mixing of exponent 7. 

Theorem I. Let X be a compact interval and let f : X ^ X be a topo- 
logically exact multimodal map with non-flat critical points, having only 
hyperbolic repelling periodic points. Assume that for each critical value v of f 
we have 

lim \Df''{v)\ = 00. 

n— >cx3 
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Then f has a unique invariant probability measure that is absolutely contin- 
uous with respect to the Lebesgue measure. Moreover this invariant measure 
is super-polynomially mixing. 

The topological exactness is assumed to obtain uniqueness and the mixing 
property of the absolutely continuous invariant measure. For an interval 
map as in the theorem, the existence of the absolutely continuous invariant 
measure was proved before in |BSvS03l IBRLSvSOS] , although the argument 
in this paper provides an alternative proof. As mentioned above, our result 
on mixing rates significantly strengthens the previous result |BLVS03] , where 
super-polynomial mixing rates were only proved under the condition that for 
each a > and each critical value f of /, we have |D/"(u)|/n" — t- oo. In fact, 
only assuming liminf„_!>oo \ Df"'{v)\ sufficiently large, our methods provide a 
definite polynomial mixing rate. 

We now state a result for a complex rational map / of degree at least 
two. Often the the Lebesgue measure of the Julia set J(/) of / is zero. 
So the Lebesgue measure cannot be used as a reference measure in general. 
Instead people often use a conformal measure on the Julia set as a reference 
measure. Following Sullivan |Sul83) . we use conformal measures of exponent 
HD(J(/)) as geometric reference measures, where HD(J(/)) denotes the 
the Hausdorff dimension of J(/). 

Theorem II. Let f be either one of the following: 

1. an at most finitely renormalizable polynomial of degree at least two, 
that has only hyperbolic periodic points, and such that for each critical 
value V of f in the Julia set. 



2. a complex rational map of degree at least two, without parabolic cy- 
cles, and such that for each critical value v of f in the Julia set. 



Then f has a unique conformal measure fj, of exponent HD(J(/)), and this 
measure is supported on the conical Julia set, and its Hausdorff dimension 
is equal to HD(J(/)). Furthermore, there is a unique invariant probability 
measure v that is absolutely continuous with respect to /i, and the measure v 
is super-polynomially mixing. 

Recall that for an integer s > 1 we say that a complex polynomial / is 
renormalizable of period s, if there are Jordan disks U ^ V such that the 
following hold: 

- :[/—>• y is proper of degree at least two; 

- the set {z £ U : f^'^{z) G U for all n = 1,2,...} is a connected proper 
subset of J(/); 



lim \Df-iv)\ 



= oo; 



n— >oo 



n=l 
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- for each c G Crit(/), there exists at most one j E {0, 1, . . . , s — 1} with 

We say that / is infinitely renormalizahle if there are infinitely many s for 
which / is renormahzable of period s. 

Note that for a complex polynomial /, hypothesis 1 of Theorem |IT] is 
weaker than hypothesis 2. 

Theorem [IT] gives the first non-exponential mixing rates in the complex 
setting. As for the existence of the absolutely continuous invariant measure, 
this result gives a significant improvement of the previous result of Graczyk 
and Smirnov |GS09| Theorem 4]. Their result apphes to a rational map / 
satisfying the following strong form of the summability condition, for a suf- 
ficiently small a G (0, 1), 

oo 

(1.1) ^ \Df^{v)\'^ ^ ^^^^^ critical value t; of / in J{f). 

Note that for each a G (0, 1) the Fibonacci quadratic polynomial /o fails to 
satisfy this condition, although for every a > 

oo ^ 

> , , , < oo, where v is the finite critical value of fn, 

see Remark 12.51 So Theorem [IT] implies that the Fibonacci quadratic poly- 
nomial /o has an super-exponentially mixing absolutely continuous invariant 
measure. 

Remark 1.1. In the proof of Thoerems HI and HIl we construct the absolutely 
continuous invariant measure through an inducing scheme with a super- 
polynomial tail estimate, that satisfies some additional technical proper- 
ties, see ^2.21 The results of |You99] imply that this measure is super- 
polynomially mixing and that it satisfies the Central Limit Theorem for 
Holder continuous observables. It also follows that the absolutely contin- 
uous invariant measure has other statistical properties, such as the Lo- 
cal Central Limit Theorem, and the Almost Sure Invariant Principle, see 
e.g. |Gou05[ iMNOSl IMNOSi ITKOS] . 

For a map / satisfying the hypotheses of Theorem U or Theorem [IT] we 
show the density of the absolutely continuous invariant measure has the fol- 
lowing regularity: if we denote by i the maximal order of a critical point 
of / in the Julia set, then for each p G (0,1/ {i — 1)) the invariant density 
belongs to the space L^. We note that for each p > — 1) the invariant 
density does not belong to L^, see Remark 12.161 In the real case the reg- 
ularity of the invariant density was shown in |BRLSvS08[ Main Theorem]; 
see also |NvS91| for the case of unimodal maps satisfying a summability 
condition with a certain exponent. In the complex setting our result seems 
to be the first unconditional one. For rational maps satisfying a summabil- 
ity condition with a sufficiently small exponent, a similar result was shown 
in |GS09] Corollary 10.1] under an integrability assumption on the conformal 
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measure /x, that was first formulated in |Prz98) . Actually, in the complex 
case we shall prove for each e > the following regularity of the conformal 
measure /i: for every sufficiently small 6 > we have for every x E J if), 

^HD(J(/))+e < ^^B{X,5)) < <5HD(J(/))-.. 

The lower bound is |LS08[ Theorem 1], while the upper bound is new and 
implies the integrability condition for each exponent r] < HD(J(/)), see §2.11 

Let us say a few words on our strategy. Prior to this work, it has been 
shown that a map satisfying the assumptions of Theorem [J or of Theorem HTl 
has the following two expanding properties: expansion away from critical 
points" and "backward contraction". Roughly speaking, the first property 
means that outside any given neighborhood of the critical points the map is 
uniformly hyperbolic; and the second property means that a return domain 
to a ball of radius 6 centered at a critical value is much smaller than 6. 
See §2.1l for the precise definitions and references, as well as our "Main The- 
orem" stated for maps satisfying these two expanding properties. 

In this paper, we provide a finer quantification of the expansion features 
of a map that satisfies the two properties stated above. Firstly, we show 
that the components of the pre-images of a small ball intersecting the Julia 
set shrink at least at a super-polynomial rate (Theorem lAl in ^2.2.ip . This 
unexpected result represents a significant improvement on the estimate of 
the same type in |GS09| Proposition 7.2], for rational maps satisfying the 
summability condition with a sufficiently small exponent. In our proof, the 
moduli of annuli are used to estimate diameter of sets. The situation in the 
real setting is much trickier than in the complex one, due to a significant 
control loss of the modulus of a thin annulus under pull-back, see Lemma [3.51 
and the remark before it. We develop a "quasi-chain" construction to treat 
this problem. Secondly, we introduce a dimension like parameter we call 
"badness exponent", that measures the combined size of all "bad pull-backs" 
of a suitably chosen small neighborhood of the critical points. A bad pull- 
back is a pull-back that is not contained in any diffeomorphic pull-back. 
This notion was first introduced in |PRL07) and it has some resemblance 
with the pull-backs corresponding to a backward orbit of a critical point "with 
sequence 11. . . 1", as used in [GS98al[GS09| . Using the local Markov structure 
{nice sets) provided by the backward contracting property, we show that the 
badness exponent is zero (Theorem iBl in §2.2.2p . A direct consequence of 
this result is that the conical Julia set has codimension zero in the Julia set 
(Corollary O in M). 

These expanding properties are converted to statistical properties of the 
system through the construction of an induced Markov map. The approach 
is conventional but the construction is often technical. In this paper, this 
is done by applying techniques developed in |PRL07[ IPRLll] with mod- 
ification. We obtain a tail estimate in terms of the rate of shrinking of 
components of preimages of small sets, and of the badness exponent only 
(Theorem ICl in §2.2.3p . We also obtain the existence and regularity of a 
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geometric conformal measure. The existence of a super-polynomially mix- 
ing absolutely continuous invariant measure then follows from a well-known 
result of Young [ You99| . 

The result on the regularity of the invariant density is obtained through 
an upper bound of the Poincare series (Theorem IE] in §2.2.5p . 

Finally let us mention a few by-products of our approach. For a map 
satisfying the hypotheses of Theorem [T] or of Theorem |TT1 we show that 
several notions of fractal dimension of the Julia set coincide (Theorem [F|) . 
For a complex polynomial which is expanding away from critical points and 
backward contracting, we show that the Julia set is locally connected when 
connected (Corollarv l2.7p . has Hausdorff dimension less than 2 (Corollarv lPj) 
and is holomorphically removable (Theorem IG]) . 

2. The Main Theorem and reduced statements 

In this section we recall the definition of the properties "expanding away 
from critical points" and "backward contracting", and then state our Main 
Theorem ( §2.ip from which we deduce Theorems [J and [IT] as direct conse- 
quences. Then we state five intermediate results. Theorems |A | |B | OandlE] 
and Corollary |D](g221), and deduce the Main Theorem (^23]). Finally, in 
we state some further results, which are proved in ^ 

The proofs of Theorems |Al |B1 and O are independent, and are shown 
in §^ m and |6l respectively. Corollary [D] is deduced from Theorem [C] in 
§6.41 The proof of Theorem [E] depends on Corollary [D1 and it is given in ^ 

2.1. The Main Theorem. We say that a map f : X ^ X from a compact 
interval X of M into itself is of class with non-flat critical points if / is 
of class on X and satisfies the following properties: 

- / is of class outside Crit(/) := {x £ X : Df{x) = 0}; 

- for each c G Crit(/), there exists a number ic > ^ (called the order of f 
at a) and diffeomorphisms ■0 of M of class with (j){c) = ip{f{c)) = 
such that, 

|Vo/(x)| = |<A(x)|^^ 

holds on a neighborhood of c in X. 

We use to denote the collection of all interval maps with non-flat 
critical points and which are boundary- anchored^ i.e., for each x £ 5dom(/), 
we have f{x) € 9dom(/) and Df{x) ^ 0. The last condition is convenient 
when considering pull-backs of sets. 

We use £^ to denote the collection of all rational maps of degree at least 2. 
As in the real case, for / G we denote by Crit(/) the set of critical points 
of /, and for each c G Crit(/) we denote by ic the local degree of / at c, that 
we will also call the order of f at c. 

For f £ £/ := £/^L)£/c, we denote by dom(/) the Riemann sphere C if / is 
a complex map, and the compact interval where / is defined otherwise. The 
Julia set J{f) of / is, by definition, the set of all points x £ dom(/) with the 
following property: for any neighborhood U of x, the family {/"|?7}J^q is 
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not equicontinuous. This is a forward invariant compact set. We shall mainly 
be interested in the dynamics on J(/) where the chaotic dynamical behavior 
concentrates. It is known that for / G is^C) the set J(/) is the closure of 
repelling periodic points and that for / G sZ-g^ with no neutral cycles, J(/) 
is the complement of the basins of periodic attractors. See jMilOG) and 
[dMvS93) for more background. 

For maps without critical points in the Julia set all of our results are either 
well-known or vacuous. So for / G =2/ we will implicitly assume that the set 

Crit'(/) :=Crit(/)n J(/), 

is non-empty. We also put, 

Cax(/) := max{4 : c G Crit'(/)}. 

Given > 1 we will denote by (resp. £^^^{1), £^£{tj) the class of all 

those / G i?/ (resp. s^^) such that £max(/) ^ ^■ 

Definition 2.1. We say that a map f £ £/ is expanding away from criti- 
cal points, if for every neighborhood V of Crit'(/) the map / is uniformly 
expanding on the set 

A = {ze J{f) : for every n > 0, /"(z) V'}, 

i.e., there exist constants C > and A > 1 such that for any z £ A and 
n > 0, we have \DP{z)\ > CA". 

Note that this property implies that / has no neutral cycle in the Julia 
set. On the other hand, a theorem of Mane asserts that every map / G 
without neutral cycles in the Julia set is expanding away from critical 
points, see |Mah85| . Although the analogous statement for maps in =2^ is 
false in general, it does hold for at most finitely renormalizable maps having 
only hyperbolic periodic points, see |KvS09) . and also |QY09| for the totally 
disconnected case. 

We will now recall the "backward contraction property" introduced in |RL07| 
in the case of rational maps, and in | BRLSvS08) in the case of interval maps. 
Let / G ^ be given. When studying / G =2^, we use the standard metric on 
the interval dom(/), while when studying / G s^C: we shall use the spheri- 
cal metric on C. For a critical point c and 6 > we denote by B{c,5) the 
connected component of f^^{B{f(c},6)) containing c. 

Definition 2.2. Given a constant r > 1 we will say a map / G is backward 
contracting with constant r if there is (^0 > such that for every 5 G {0,5q), 
every c G Crit'(/), every integer m > 0, and every connected component W 
of r^{B{c,r6)), 

dist(VF,/(Crit(/))) < 6 implies diam{W) < 6. 

Furthermore, we say that / is backward contracting, if for every r > 1 it is 
backward contracting with constant r. 
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Remark 2.3. The specific choice of metric we used is not important. If we 
use a different conformal metric, then we obtain a different class of backward 
contracting maps for which the results in this paper hold with the same 
proof. Observe that the Koebe principle is still valid independently of the 
choice of the conformal metric used to measure norms, since the ratio of two 
different conformal metrics is a positive continuous function. Furthermore, 
cross-ratios are only affected by a bounded multiplicative constant, so the 
results from §3.31 remain essentially unchanged. 

For a map / in and a > 0, a conformal measure of exponent a for / 
is a Borel probability measure on dom(/) such that for each Borel set U on 
which / is injective we have 

/x(/(C/)) = / iDffd^,. 
Ju 

On the other hand, the conical Julia set Jcon(/) of f is the set of all those 
points X G J{f) for which there is 5 > and infinitely many integers m > 1 
satisfying the following property: induces a diffeomorphism between the 
connected component of f~'^{B{f"^{x),5)) containing x and B{f'^{x),5). 

For a subset A of M, or of the Riemann sphere C, we denote by HD(A) 
the Hausdorff dimension of A and by BD(^) (resp. BD(A)) the upper (resp. 
lower) box counting dimensions. See for example |Fal90| for the definitions. 
The Hausdorff dimension of a Borel probability measure /i on X = M (or C) 
is defined as 

HD(^) := inf{HD(y) : Y C X, = 1}. 

By definition, a hyperbolic set A of / G is a forward invariant compact 
set on which / is uniformly expanding. The hyperbolic dimension of a map 
/ G is by definition, 

HDhyp(/) := sup{HD(A) : A\s a. hyperbolic set} . 

Recall that for / G =2^, the map / : J{f) — )• J{f) is topologically exact, 
i.e., for any non-empty open subset U of J(/) there exists > 1 such that 
f^{U) = J{f). It is however too restrictive to assume an interval map to be 
topologically exact on the Julia set and boundary-anchored simultaneously. 
For this reason we introduce the following definition. We say that a map 
/ G is essentially topologically exact on J{f) if there exists a forward 
invariant compact interval Xq containing all critical points of / such that 
/ : J(/|Xo) — >• J(/|Xo) is topologically exact and such that the interior of 
the compact interval dom(/) is contained in ^J^^q f^^'iXo). 

Main Theorem. For every £>l,/i>0, e>0, 7>1 and p G ^0, 

there is r > 1 such that the following properties hold. Let f G be 
backward contracting with constant r, expanding away from critical points, 
and such that HD( J(/)) > h. Suppose furthermore in the case f G that f 
is essentially topologically exact on the Julia set. Then the following hold: 
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1. There is a conformal measure fi of exponent HD(/) for f which 
is ergodic, supported on Jcon{f), satisfies HD(/x) = HD(J(/)) = 
HDhyp(/) and is such that for every sufficiently small 6 > we have 
for every x G J if), 

(2.1) /i(B(x,(5)) < 

Furthermore, any other conformal measure for f supported on J{f) 
is of exponent strictly larger than HD( J(/)) and supported on a set 
of Hausdorff dimension less than h. 

2. There is a unique invariant probability measure v that is absolutely 
continuous with respect to fi, and this invariant measure is polynomi- 
ally mixing of exponent 7. Furthermore, the density of v with respect 
to fj, belongs to L^{^). 

Note that if J(/) has positive Lebesgue measure, then the measure /x 
is proportional to the Lebesgue measure, since after suitable normalization 
the Lebesgue measure on J{f) is clearly a conformal measure of exponent 
HD(J(/)). In fact, this is already the case if J{f) has the same Hausdorff 
dimension as the domain of /. See part 1 of Corollary [D] in §2.2.41 

Note that (f2?T]) implies that for each rj e (0,HD(J(/)) - e) the confor- 
mal measure /i satisfies the following integrability condition, first introduced 
in |Prz98) : see also |GSn9l §10]. 

There is a constant C > such that for each xq G </(/), 

/ d\st{x,XQ)~''^dii{x) < C. 
JJ{f) 

Let us now deduce Theorems |T] and [IT] from the Main Theorem and the 
following fact. 

Fact 2.4. A map f is backward contracting if one of the following holds: 

1. f £ £/m.> f has no neutral periodic points, and for all c G Crit'(/), we 
have |Z)/"(/(c))| — t- 00 as n ^ 00, or; 

2. f G is a polynomial that is at most finitely renormalizable, has only 
hyperbolic periodic points, and is such that for all c G Crit'(/), we have 
\Df"'{f{c))\ -^00 as n —> 00. 

2'. f £ £/c is a rational map such that for all c £ Crit'(/) we have 

Er=oi^r(/(c))|-^<+oo. 

Proof These are |BRLSvSn8[ Theorem 1], [LSIq] Theorem A] and j RLOTI 
Theorem A], respectively. The first result is stated for maps without a 
periodic attr actor, but the proof works without change under the current 
assumption. □ 

Proof of Theorem We may extend / : X — t- X to be a boundary-anchored 
map f : X ^ X with all periodic points repelling, Crit(/) = Crit(/) and 
such that int(X) C [J'^=q f~^{X). Then / is essentially topologically exact 
on the Julia set. By Fact 12.41 (1), / is backward contracting. By Mane's 
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theorem, / is expanding away from critical points. So, by the Main Theorem, 
/ has an invariant measure v that is absolutely continuous with respect 
to the Lebesgue measure, and that is super-polynomially mixing. (Since 
J(/) = X has positive measure, the conformal measure [i is proportional to 
the Lebesgue measure on X.) Note that v is supported on X, so it is an 
invariant measure of / with the desired properties. □ 

Proof of Theorem\T^ By Fact 12.41 (2) and (2'), / is backward contracting. 
The fact that / is expanding away from critical points is known: this follows 
from either |KvS09| or |RL07| Corollary 8.3] in the first case and from [ PrzOSI 
proof of Lemma 3.1] in the second case. Since HD(J(/)) > 0, applying the 
Main Theorem completes the proof. □ 

Remark 2.5. Let fo{z) = + c he the Fibonacci quadratic polynomial 
studied in |LM93| . This map satisfies the summability condition for every 
exponent a > 0, 

oo ^ 

see |LM93| Lemma 5.9]. Using the results of |LM93] we will show that for 



every a £ (0, 1) we have 
(2-2) E 



n 

= oo. 



{ l^/o"(c)|° 

Let sequence of Fibonacci numbers defined by u{l) = 1, 

^(2) = 2, and for k > 3 defined recursively by u{k) = u{k — 1) + u{k — 2). 
If we put if = {I + \/5)/2, then an induction argument shows that for every 
integer k > 1 we have u{k) > (/?^~^. By |LM93[ Lemma 5.8] there is a 
constant C > such that for every A: > 1 we have |L»/''(*^)(c)| < C22'=/3 and 
thus that for each a £ (0, 1) we have 

, ""i^^, „ > C/-i2-2"^'/3 > C^-\^2-^/^)>^ > Cip-\ 
|D/«W(c)|" - ^ _ V- J - ^ 

This proves (|2.2p . 

2.2. Reduced statements. 

2.2.1. Polynomial Shrinking. 

Definition 2.6. Given a sequence Q = of positive numbers, we 

say that a map / G satisfies the Q -Shrinking Condition, if there exists 
constants p > and C > such that for every x G «/(/), and every inte- 
ger m > 1, the connected component W of p)) containing x 
satisfies 

diam(VF) < C9„,. 

Given /3 > we say that / satisfies the Polynomial Shrinking Condi- 
tion with exponent /3, if / satisfies the 0-Shrinking Condition with := 
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Theorem A. For every i > 1 and /3 > there is r > 1 such that each 
map in £/ {£) that is expanding away from critical points and that is backward 
contracting with constant r satisfies the Polynomial Shrinking Condition with 
exponent (3. 

In what follows, for a map f ^ we denote by /3max(/) the best polyno- 
mial shrinking exponent of /; i.e., the supremum of all /? > for which / sat- 
isfies the Polynomial Shrinking Condition with exponent j3. So /3max(/) = 
means that / is not polynomially shrinking with any positive exponent. 

The following result is a direct consequence of Theorem El of |Mih08[ 
Theorem 2], and of |RLn7[ Corollary 8.3]. 

Corollary 2.7 (Local connectivity). For every integer (. >2 there is r > 1 
such that for any f G £i^c{^) that is backward contracting with constant r and 
has no parabolic periodic points, the Julia set of f is locally connected when 
it is connected. 

2.2.2. Badness exponent. Let us start with introducing "nice sets". For / G 
£/, a set V, and an integer m > 1, each connected component of f~^{V) is 
called a pull-back of V by /™. 

Definition 2.8. For a map / G (resp. / G M:), we will say that 
V C dom(/) is a nice set if the following hold: 

- y is disjoint from the forward orbits of critical points not in J(/) and 
periodic orbits not in J(/); 

- each connected component of V is an open interval (resp. topological 
disk) and contains precisely one critical point of / in J(/); 

- for every integer n > 1 we have f'^{dV) Pi y = 0. 

For c G Crit'(/) we denote by the connected component of V containing c. 
A nice set V is called symmetric if for each c G Crit'(/) we have f{dV^) C 
df(y^)- Moreover, a (symmetric) nice couple for / is a pair of (symmetric) 
nice sets {V, V) such that V C V, and such that for every integer n > 1 we 
have f''{dV)nV = 11. 

The following fact is proved for maps in in 

|RLn7[ Proposition 6.6]. 

See Lemma 13.131 for the general case. 

Fact 2.9. For each i > 1 there is a constant r > 1 such that each f G 
£/ {£) that is backward contracting with constant r possesses arbitrarily small 
(symmetric) nice couples. 

Fix f £ £/ and a set V. If W is a pull-back of V by f^, we define an 
integer dyiW) > 1 in the following way: 

- If / is a rational map, then dy(VF) is the degree of /"^ : W — t- f^iW), 
i.e., the maximal cardinality of f^^{x) Pi W for x . 



1. Note that every map in jz/ satisfies the Polynomial Shrinking Condition with expo- 
nent ^ = 0. 
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- If / is an interval map, then dv{W) := 2 , where is the num- 
ber of those j E {0, . . . , m — 1} such that the connected component 
of containing f^{W) intersects Crit(/). 

For a component W oi V, we define dyiW) = 1. When V is clear from 
the context, we shall often drop the subscript V, and write d{W) instead of 
dv{W). 

Let V be an open set and let 14^ be a pull-back of V by f"^. If J™' is a 
diffeomorphism between W and a component of V, then we say that W is 
a diffeomorphic pull-back of V. Note that in the case when / is a rational 
map, this occurs if and only if /™ is univalent on W. 

Definition 2.10. Given f G and an open set V, we will say that a pull- 
back Vl^ of by /"^, m > 1, is bad, if for every integer m' G {1, . . . ,m} 
such that (W) C V the pull-back of V by f"^ containing W is not 
diffeomorphic. Furthermore we denote by ^rni^) the collection of all bad 
pull-backs of V by and put 

{oo 
t > : ^ dv{W) diam(PF)* < oo 

m=lWe<S„,{V) 

The badness exponent of f is defined as 

(2.3) 5bad(/) := mi{6ha.d{V) : V is a nice set of /}. 

We shall prove in Lemma 13.91 that (5bad(^) < '^bad(^') for any nice sets 
V C V . Thus if we have a sequence of nice sets Vi D V2 D • • • \ Crit'(/), 
then (5bad(/) = lim^^oo <5bad(K)- 

Theorem B. For every i > 1 and t > there is a constant r > 2 such that 
for each map f G that is backward contracting with constant r, we have 

5bad(/) < t. 

Remark 2.11. Given £ > 2 close to 2, let / be a Fibonacci unimodal map 
whose critical point c has order L Then / gives an example of a map which 
is backward contracting with a large constant and such that 5bad(/) > 0. 
In fact, the results of |KN95| imply that such a map / is backward con- 
tracting with a large constant while the post-critical set w(c) has positive 
Hausdorff dimension. On the other hand, / is persistently recurrent, so u;(c) 
is contained in J{f) \ Jconif)- Thus, by Lemma 16.71 we have 

5bad(/) > HD(J(/) \ Jeon(/)) > HD(a;(c)) > 0. 

Remark 2.12. The arguments in Lemmas 7.1 and 7.2 of |PRL07) show that 
the badness exponent of a rational map satisfying the Topological Collet- 
Eckmann (TCE) condition is zero. Restricting to the class of rational maps 
with a unique critical point in the Julia set, our Theorem IbI is significantly 
stronger, since for these class of maps the TCE condition is equivalent to 
the Collet-Eckmann condition jPrzOOj . In fact, a map with several critical 
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points in the Julia set that satisfies the TCE condition need not be back- 
ward contracting. For example, there exist at most finitely renormalizable 
polynomials that satisfy the TCE condition and that have a critical value 
in the Julia set with lower Lyapunov exponent equal to — oo, see for exam- 
ple |PR98l §5]. By |LS10| Theorem B], such a map cannot be backward 
contracting. 

In view of the results that follow, it would be interesting to have an answer 
for the following question: 

Question 2.13. For f € £/, does /3max(/) = oo imply (5bad(/) =0? 

2.2.3. Canonical inducing Markov mapping. Let £/* be the set of / G 
which satisfies the following: 

(Al) / is expanding away from critical points; 

(A2) Crit'(/) 7^ and / has arbitrarily small symmetric nice couples; 

(A3) if / G then / is essentially topologically exact on the Julia set. 

Through an inducing scheme, we can convert Theorems |X] and [B] into sta- 
tistical properties of maps / G £/*. The following definitions appeared first 
in |PRL07] . 

Given a nice couple (V, V) of /, we say that an integer m > 1 is a good 
time for a point x if f"^{x) G V and if the pull-back of V containing x 
is diffeomorphic. We denote by D the set of all those points in V having 
a good time, and for each x £ D we denote by m{x) the least good time 
of x. Note that m{x) is constant in any component W of D, so m{W) 
makes sense. We say that m{x) (resp. m{W)) is the canonical inducing 
time of X (resp. W) with respect to {V,V). The canonical induced map 
associated to the nice couple (V, V) is by definition the map F : D ^ V 
defined by F{x) = f"^^^\x). We denote by J{F) the maximal invariant set 
of F, which is equal to the set of all those points in V having infinitely many 
good times. 

We say that a sequence {6n}'^=i of positive numbers is slowly varying 
if 9n/6n+i — 7- 1 as n — )■ oo. For instance, {n~'^}J^]^ and {exp(— (Tn")}5^| 
are slowly varying for any /3,a,a > 0, but for each 6 G (0, 1) the sequence 
is not slowly varying. 

Theorem C. Fix f G £/* . // 5bad(/) < HD(J(/)), then HD(J(/)) = 
HDhyp(/), and for each sufficiently small nice couple {V,V), the canonical 
inducing mapping F : D ^ V associated to it satisfies: 

HD(J(F) n V^) = HD(J(/)), for all c G Crit'(/). 

Furthermore, fix t £ ((5bad(/)) HD(J(/))) and assume that f satisfies the 
Q-Shrinking Condition for some slowly varying and monotone decreasing 
sequence of positive numbers = {On}'^=i- Then for each sufficiently small 
symmetric nice couple {V^V), there exists a constant qq = a^iV ,V) G 
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(t,HD(J(/))) such that, for all a > ao and a G [0,a — t) there is a con- 
stant C > 0, such that for each Y C V and each integer m > 1, we have 

oo 

diam(Vr)" < Cdiam(y)'" ^ C"*"", 

W€S,m{W)>m n=m 
WcY 

where D is the collection of all components of D. 
Remark 2.14. 

- Of course, the latter part of the theorem is useful only when '^^'^—i On < 
oo for some r? E (0,HD(J(/)) - <5bad(/)). 

- If for an exponentially decreasing sequence the map / satisfies the 
0-Shrinking Condition, then Theorem ICl allows to obtain an exponential 
tail estimate, as follows. As / is certainly super-polynomially shrinking. 
Theorem ICl shows that there exists a G (0, HD(J(/))) such that C := 
EwGS),m(W)>i diam(VF)" is finite, and thus 

V diam(H^)™(-^(^)) < C max dia.m(W f^W))-c^ 

WeD m(W)>m 
m(W)>m 

is exponentially small in m. Notice that we lose control of the exponent 
significantly. A similar argument was used in the proof of |PRL07| 
Theorem C]. 

2.2.4. Conformal and invariant measures. Define 

(2.4) 7(/) := /3max(/) (HD(J(/)) - Jbad(/)) . 

We use the following convention: the product of +oo with a real number a is 
+00 (resp. 0, — oo) if a > (resp. a = 0, a < 0). So 7(/) > is equivalent 
to 5bad(/) < HD(J(/)) and /3^ax(/) > 0. 

Since for f e £/* we have HD(J(/)) > HDhyp(/) > 0, Theorems |A] and |B] 
imply that when / is backward contracting we have j{f) = oo. 

Corollary D. For f £ £/* the following properties hold. 

1. //7(/) > I, then either HD(J(/)) < HD(dom(/)) or J{f) has a 
non-empty interior. Moreover, there exists a conformal measure fj, of 
exponent HD(J(/)) for f which is ergodic, supported on the conical 
Julia set, satisfies HD(^) = HD(J(/)), and is such that for each e > 
^hudif) + /3max(/)~^ the following holds: for each sufficiently small 
6 > we have for every x G J{f), 

(2.5) A^(S(x,5)) < 

Furthermore, any other conformal measure for f supported on J{f) 
is of exponent strictly larger than HD( J(/)) and supported on a set 
of Haus dor ff dimension less than or equal to (5bad(/)- 



WEAKLY HYPERBOLIC ONE-DIMENSIONAL MAPS 



15 



2. // 7(/) > 2, then there is an invariant probability measure v that is 
absolutely continuous with respect to ^ and this invariant measure v 
is polynomially mixing of each exponent 7 G {0,j{ f) — 2). 

2.2.5. Regularity of the invariant density. Given / G £/, let q{f) be the 
infimum of those constants q > for which there is C > such that the 
following property holds: for each x € J{f), S > 0, m > 1, and each pull- 
back W of B{x,6) by such that /™ : W ^ B{x,6) is a diffeomorphism 
whose distortion is bounded by 2, we have 

diam(Ty) < CJi/*. 

We clearly have q{f) > £max(/)- The following is a simple consequence 
of |LS08| Proposition 2], see Lemma 13.121 

Fact 2.15. For each £ > I and q > i there is r > I such that if f G ,s/*{£) 
is backward contracting with constant r, then q{f ) < q. In particular, if f is 
backward contracting, then q{f) = ^max(/)- 

Theorem E. Let f £ £/* be such that 7(/) > 2, and let /j, be the conformal 
measure and v the invariant measure given by Corollary O Then for each 

1 - ('5bad(/) + /3max(/)-^) HD(J(/))-l \ 

qif) - 1 + (5bad(/) + 2/3^ax(/)-i)HD(J(/))-iy' ' 
the density of u with respect to /x belongs to LP{p). 

Remark 2.16. For a map / G £/* that is backward contracting, the theorem 
implies that the density of with respect to fi is in L^^fi) for all 

P < PU) ■■= q{f)/iq{f) - 1) = Cax(/)/(Cax(/) - 1). 
If J{f) has non-empty interior in dom(/), then this estimate is optimal in 
the sense that the density never belongs to the space LP^f\n). In fact, m 
this case, |U is a rescaling (of a restriction) of the Lebesgue measure and the 
Lyapunov exponent of u is strictly positive and its density is bounded from 
below by a positive constant almost everywhere in J(/), see |Led8H rLed84) . 
It thus follows from the invariance of v and the conformality of that, if 
we denote by h E {1,2} the dimension of dom(/) and by c G J{f) a critical 
point of / of maximal order, then there is a constant C > such that the 
density is bounded from below by the function C dist(-, f{c))~^/^^^\ on a set 
of full Lebesgue measure in J(/). Thus the density cannot belong to U''^^\ 
Using the lower bound on the conformal measure given by jLS08| Theo- 
rem 1], a similar argument shows that if / G is backward contracting 
and p > p{f), then the invariant density does not belong to U'{^). 

Question 2.17. Suppose f € is such that 7(/) = 00, and let fi and v 
be as in Corollary\^ Is it true that di//dfi LP^^\fi) ? 

Remark 2.18. Let f £ £/ he a non-hyperbolic TCE map. In the real case 
we assume furthermore that / is essentially topologically exact on J{f)- We 
remark for future reference that / satisfies the hypotheses of Corollary iP] and 




16 



J. RIVERA-LETELIER AND W. SEEN 



Theorem [E1 To see this, first note that by |NP98) in the real case and jPR98| 
in the complex one, there is an exponentially decreasing sequence Q such 
that / satisfies the G-Shrinking Condition. Thus /3max(/) = oo and / is 
expanding away from critical points. On the other hand, / has arbitrar- 
ily small nice couples and 5bad(/) = by |PRL07I Theorem E], see Re- 
mark 12.121 Thus / E £/*, and 7(/) = oo- So, if we denote by fj, the 
conformal measure and v the invariant measure given by Corollary [D1 then 
for each p £ (0, — 1)) the density of u with respect to /x belongs 

to L'P(iJ,), and for each e > we have for every sufficiently small 6 > and 
every x G J{f) 

fi{B{x,6)) < 5HD(j(/))-._ 

2.3. Proof of the Main Theorem. Now we will complete the proof of 
the Main Theorem. If Crit'(/) = 0, then / is uniformly expanding on J{f) 
and the statements of the Main Theorem is well-known. So we assume that 
Crit'(/) / 0. 

Let £>1, /i>0, e>0, 7>1 and p £ ^0, jzj^ be given, and let q G 

^i, j;^!^ ■ By Theorems lA] and IB] and by Facts |2T9] and 12 . 1 5| there exists r > 2 
such that if / G jz/ (i) is backward contracting with constant r and satisfies 
the other assumptions of the Main Theorem, then / G £/*{£), /3max(/) > 
2(7 + 2)/h, ,5bad(/) < h/2, <5bad(/) + /3max(/)-' < £, q{f) < q and 

1 - ('5bad(/) + /?max(/)-^) HD(J(/))'l 
+ (5bad(/) + 2/3niax(/)-l) HD( J(/))-l 

Hence <5bad(/) < HD( J(/)) and by TheoremOwe have HD( J(/)) = HDhyp(/) 
On the other hand 7(/) > 7 -|- 2, and by Corollary [D] and Theorem [E] there 
exists a conformal measure ^ and an invariant measure v with the desired 
properties. Moreover, the ergodicity of implies that u is the only invariant 
measure of / that is absolutely continuous with respect to //. 

2.4. Fractal dimensions and holomorphic removabiUty of JuUa sets. 

In this section we state a result related to fractal dimensions (Theorem [F]) . 
and another related to holomorphic removability of Julia sets in the complex 
setting (Theorem iGj) . Both are independent of the Main Theorem and are 
shown in ^ 

To state our result on the equality of fractal dimensions, we make the 
following definition. Given / G s > and a point xq G dom(/) we define 
the Poincare series of f at xq with exponent s, as 

00 

rixo,s):=Y, E \Dn^)r- 

n=lxef'"{xo) 

We say that a point x is exceptional if the set IJ'^^q f~^{x) is finite, and 
we say that x is asymptotically exceptional if its a-limit set is finite. The 
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Poincare exponent of f is by definition, 

<^Pom(/) := inf {s > : V{xq; s) < oo for some xq 

tliat is not asymptotically exceptional} U {0}. 

Note that every point in the a-limit set of an asymptotically exceptional 
point is exceptional. It is well-known that for a rational map of degree at 
least 2 each asymptotically exceptional point is exceptional, that there are 
at most 2 exceptional points, and that they are not in the Julia set. Note 
however that for / G any point in dom(/) \ Xo{f) is asymptotically 
exceptional, where X(){f) is the minimal forward invariant close interval 
that contains Crit(/). 

Theorem F (Equality of fractal dimensions). If f G s^* satisfies j{f) > 1, 
then 

<5poin(/) = mJ{f)) = HD(J(/)) = HDhyp(/) > 0. 

See (|2.4p in ^2.21 for the definition of 7(/) and Proposition 17.31 for some 
divergence/convergence properties of the Poincare series. 

Equalities of dimensions were shown in |LS08) for backward contracting 
rational maps without parabolic cycles, in |Prz98| for rational maps whose 
derivatives at critical values grow at least as a stretch exponential function, 
in |GS09I Theorem 7] for rational maps satisfying a summability condition 
with a small exponent and without parabolic cycles, and in |Dob06) for 
interval maps without recurrent critical points. These equalities were shown 
for a class of infinitely renormalizable quadratic polynomials in |AL08j . 

We will say that a compact subset J of the Riemann sphere is holomor- 
phically removable, if every homeomorphism 93 : C — )• C that is holomorphic 
outside J is a Moebius transformation. 

Theorem G (Holomorphic removability). If f £ is a polynomial such 
that 

/3max(/) (2 - <5bad(/)) > 1, 

then the Julia set of f is holomorphically removable. In particular, for every 
integer i > 2, there is a constant r > 1 such that the Julia set of a com- 
plex polynomial f £ that is backward contracting with constant r, and 
without parabolic periodic points, is holomorphically removable. 

See also |Jon95| IKahOB) and |GS09| Theorem 8] for other removability 
results of Julia sets. 

3. PRELIMINARIES 

3.1. Notation. For f £ £/ and for a neighborhood V of Crit'(/) we put, 
(3.1) 

K{V) = {x E dom(/) : for every integer n > 0, we have /"(x) V}. 
Denote by £,y the collection of connected components of dom(/) \ K{V). 
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For V C dom(/) and an integer m > 0, let ^m(^) denote the collection 
of all components of /"""(F). Moreover, let ^{V) = \J'^=o^m{V). 

3.2. Koebe distortion lemma. We shall frequently use the following Koebe 
distortion lemma. 

Lemma 3.1. Consider f G and $7 = 0, or f £ and 17 a neighbor- 
hood of all attracting and neutral periodic points. There exists r/* > and 
for every e G (0, 1) there exists K{e) > 1 such that the following holds. Let 
X G dom(/), T] e (0, r?*), n > 1 be such that f"'{x) fi. Let W (resp. W{e)) 
be the component of f~'^{B{f'^{x)^rj)) (resp. f~'^{B{f'^{x).,eri)) which con- 
tains X. If f"" : W ^ B{f'^{x),rj) is a diffeomorphism, then the distortion 
of f^ on W{£) is bounded by K{£). That is, for every zi,Z2 G W{£), we 
have 

\Df-{zMDf-iz2)\<Kie). 
Moreover, K{e) = 1 + 0{e) as e — )• 0. 

Proof. For the case / G =2^, see for example |PRL07| §2.4]. For the case 
/ G ^M, see |vSVn4l Theorem C (2)(ii)]. □ 

3.3. Modulus. We shall use modulus of annuli to compare the size of nested 
sets. This method is popular in the complex setting. Recall that if A C C 
is an annulus that is conformally isomorphic to the round annulus {z G C : 
1 < |z| < R}, then mod(j4) := \ogR. More generally, if V C C is open 
and U ^ V, then we define mod(y; U) as the supremum of the modulus of 
those annuli contained in V that separate U from C \ y. 

In order to deal with interval maps, let us introduce a similar notion 
in the real setting. If J (s I are bounded intervals in M, then we define 
mod(I; J) := mod(Z)*(/); J)), where -D*(I) denotes the round disk in C 
which has / as a diameter and -D*(J) the corresponding disk for J. More 
generally, if y is a bounded open subset of M, U ^ V is an interval, and if 
we denote by Vq the connected component of V containing U, then we put 

mod{V;U) := mod{Vo;U). 

Lemma 3.2. Let V2 ^ Vi s) Vq be either bounded intervals 0/ M, or open 
and connected proper subsets of C Then 

mod(y2; ■^^o) > mod(y2; Vi) + mod(yi; ^o)- 

Proof. In the complex case, this lemma is known as Grotzch's inequality, see 
for example (MilOO[ Corollary A. 5]. The real case follows from the complex 
one by definition. □ 

The following lemma relates modulus to diameter of sets. 

Lemma 3.3. There exists a constant Cq > such that the following property 
holds. Let U <^ V be either bounded intervals contained in M, or open and 
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connected subsets of C, such that diam(l/) < diam(C)/2. Then, letting 
/i = mod(V; U) we have, 

diam(C/) < Co exp(— ^) diam(l/). 

Proof. We only need to consider the complex case as the real case will then 
follow by definition. We may assume that ^ is large. In this case, V \ U 
contains a round annulus A with mod(j4) = ^ — 0(1). See for example 
|McM94| Theorem 2.1]. The lemma follows. □ 

We shall now consider distortion of modulus under pull-back. In t he com- 



plex case, we have the following well-known lemma, see for example |GS98b 
Lemma 4.1.1]. A sequence {C/j}j=o °^ simply connected open sets is called 
a chain if for each < j < s, the set Uj is a component of f~^{Uj^i) and 

Uj n J(/) / 0. 

Lemma 3.4. Consider f G ^/q. Let {Uj}^^^ and {Uj}j^Q be chains of 
topological disks such that Uj d Uj, and let 

V = #{0 < j < s -.Uj intersects Crit'(/)}. 

Then _ _ 

mod(C/o; Uo) > lmUf)~" mod(i7,; Us). 

In the real case, modulus is similarly distorted under a diffeomorphic pull- 
back, but the situation can be extremely worse under critical pull-back. For 
example, let fix) = -|- a be a real quadratic polynomial, and 

U^ ■= (-^2 ^ a, (5^ + a) D Ui := {-6^e + a,6^{l - e) + a), 
where 6 > and e G (0, 1). Then a direct computation shows that, as e — t- 0, 
we have mod (^f~^{Ui);f^^{Ui)^ x e and mod(C/i;C/i) x e2. Nevertheless, 
the following Lemma 13.51 will be enough for our application. 

Given / G if a bounded open interval / contains a unique critical 
value V oi f, we define 

(3.2) li = ^y-\Ily+\I\). 

otherwise, we write = I. Moreover, we say that a map / G is normal- 
ized near critical points, if for each c G Crit'(/), the equation \ f{x) — f{c)\ = 
\x — cl^" holds in a neighborhood of c. 

Lemma 3.5. Consider f G £^M.{i). 

1. For any A G (0, 1) there exists rj > such that if{Uj}j^Q and {Uj}j^Q 
are chains of intervals such that Uj d Uj, such that Uj D Crit(/) = 
for all j = 1, . . . , s — 1 and such that \Us\ < r], then 

mod(C/i;[/i) > Xmod{Us; Us). 
Moreover, there exists Kq depending only on i such that 
mod(^o; Uo) + Ko> mod([/i; Ui) > Xi'^ mod(c7s; Us). 
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2. Assume that f is normalized near critical points and let c G Crit'(/). 
Let Vi D Ui be intervals and let Vq (resp. Uq) be a component of 
(resp. f-'^{Ul)) such that Uq C Vq. If c e Vq and \Vi\ < r], 

then 

mod(yo;t/o) >C'mod(Vi;C/i), 
where ic is the order of f at c. 

We need two preparatory lemmas to prove this result. Recall that the 
cross-ratio of bounded intervals / d J of M is defined as 

Cr(/,J):. I^ll-'l 



where L, R are the components of / \ J. 

Lemma 3.6. For bounded intervals J <^ I o/M, we have 



mod(/; J) = 2 log (^VCr(/, J)-i + y^l + Ci{I, J)-^ 

Proof. There exists a Mobius transformation a such that cr{I) = {—T,T) 
and a"(J) = (—1, 1), where T = exp(mod(/; J)). Since 

Cr(i, J) = Cr((7(/),(7(j)) = 4r/(r- 1)2, 

the lemma follows. □ 

Lemma 3.7. For each £ > 1 and < a < 6 < 1, we have, 

mod((-l, 1); (a, 6)) > i"^ mod((-l, 1); (a^ 6^)). 

Proof. Let us first consider the case a = 0. Let /3 G (0, 1) be such that /3 + 
= 26"^ so that 

mod((-l, 1); (-/?, /?)) = mod((-l, 1); (0, b)). 

Thus, if we let 6 G (0, 1) be defined by 2b~^ = P'^ + I3\ then we have, 

mod((-l, 1); (0, b)) = mod((-l, 1); (-/3^ /3^)) 

= £mod((-l, 1); = £mod((-l, 1); (0, b)). 

So we just need to show that b < b^. This follows from the power mean 
inequality, 

2 ~ \ 2 

see for example |HLP52[ 16]. 

Now let us consider the case a > 0. Choose t G (6, 1) such that 

mod((-l, 1); (a', b')) = mod((-l, 1); (0, t')) + mod((0, t'); 6^)). 
Then as above, 

mod((-l, 1); (0, t)) > mod((-l, 1); (0, t')). 
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Note that Cr((0,t);(a,6)) < Cr((0, t^), (a^ 6^)), hence 

mod((0, t); (a, b)) > mod((0, t^); (a^ b^)) > mod((0, t^); (a^ 6^)). 
Finally, by Lemma l3.2( we have 

mod((-l, 1); (a, 6)) > mod((-l, 1); (0, t)) + mod((0, t); {a, b)). 
Combining these estimates, we complete the proof of the lemma. □ 



Proof of Lemma\3. 

1. For the first inequality, by Lemma [3. 61 it suffices to prove that for any con- 
stant A' G (0, 1), we have Ct{Us, Us) > A' Cr(C/i, Ui), provided that diam(f/s) 
is sufficiently small. But this is well-known, see |BRLSvS08[ Proposition 3], 
for details. For the second inequality we may assume Uo contains a crit- 
ical point c and mod(C/i;C/i) is large, i.e., Cr{Ui,Ui) is small. Note that 
\Us\ small implies |f7o| small since / has no wandering interval. So by the 
non-flatness of critical points, we have Cr{Uo,Uo) < i^Q Cr({7i, L'^i)^/^'' for 
some Kq depending only on £(.■ The second inequality follows by Lemma [3.61 
again. 

2. It suffices to prove the following two inequalities: 

(3.3) mod(y/; f/f ) > mod(yi; Ui); 

(3.4) mod(Vo; Uq) > mod(y/; ul). 

Let us prove the inequality ([331 • If /(c) C/i, then vf D y^ Uf = Ui, 
so this inequality clearly holds. Assume /(c) E Ui and let L,R denote the 
components of Vi\Ui. Then 

rr(V U ) - l^^'l^l' > ^l^lll^ll - ^iFill^il _ a tt 



which implies the inequality (|3.3p by Lemma 13.61 

The inequality (|3.4p follows from the local behavior of / near c. li Ui 3 
f{c), then both vf and are centered at /(c), and by definition of modulus, 
we see that (|3.4p holds with equality. If C/i ^ /(c), then the statement follows 
from Lemma 13.71 □ 

3.4. Bad pull-backs of a nice set. Let / G and let V he a nice set 
for /. It is easy to see that for each W G ^(V), either W CiV = 9 or 
W C V. Moreover, for any integers < mi < m2 and Wi G ^miiV), 
W2 € ^^2(^)1 have 

either Wi nW2 = f/i or W2 C Wi. 

Recall that W € ^rn{V), m > 1 is called a bad pull-back of V hy f^, if 
for every integer m' G {1, . . . , m} such that /"^ (W) C V the pull-back of V 
by /"^ containing W is not diffeomorphic. As before, we use 5Srrt(V^) to 
denote the collection of all bad pull-backs of V by f"^. 
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Lemma 3.8. Let V he a nice set of f e si/ and let W G ^m(^) with m> I. 
Then the following are equivalent: 

1. We ^m{V); 

2. for any 1 < m' < m, W is not contained in any diffeomorphic pull- 
back ofV by Z™'; 

3. for any 1 < m' < m, W is disjoint from any diffeomorphic pull-back 
ofV by /-'. 

Proof By definition, 1 4^ 2. The assertion 3=^ 2 is trivial, while 2 =^ 3 holds 
since any pull-back of V by is either disjoint from W or contains W. □ 

Lemma 3.9. For nice sets V z:> V for f , the following properties hold. 
1. For every integer m > 1 and every bad pull-back W of V by the 
pull-back of V' by containing W is bad. 

Proof 

1. Let W' be the pull-back of V' by which contains W. Arguing 
by contradiction, assume that W ^ *B^(F'). Then there exists tuq G 
{1, 2, . . . , m} such that W' is contained in a diffeomorphic pull-back Wq of 
yi jm,o_ Then f"^°(W) <^ V, so niQ < m and there exists a minimal 
mi e {mo + 1, m' -I- 2, . . . , m} such that {W) C V. By the minimality 
of mi and niccness of V , wc obtain that J"*i~"*o maps a simply connected set 
U D diffeomorphically onto a component of V . By the niceness of 
V' we obtain that U C V . So the pull-back of U by /"^° which contains W 
is diffeomorphic. It follows that the pull-back of V by /"^^ which contains W 
is diffeomorphic, contradicting the assumption that W G '^rn^Y)- 

2. By part 1 each W G !Bm(^) is contained in an element of 
Clearly, for each W' G !Bm(^')) i > 0, we have 

J] dv{W) diam(W^)* < dv'{W') diam(W^')*- 
WcW 

It follows that 

oo oo 

J2 Yl dv{W)diam{Wf <J2 Yl dv'{W')diam{W'f, 

m=l We<3m{V) m=l W'&m(V') 

hence 6y,^{V') > S^^{V). □ 
3.5. Expansion away from critical points. 

Lemma 3.10. Let f E ^ be expanding away from critical points, and let p > 
be given. Then for each nice couple (V, V) such that for each c G Crit'(/) 
we have diam(y^) < p, there are constants kq.Kq > 1 and pQ G (0, p) 
such that the following property holds. Let D be the domain of the canonical 
inducing mapping associated to {V,V). Then for each x G J{f) and S G 
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{0,p/2) there is an integer n > such that one of the following properties 
holds: 

1. the distortion of on B{x,S) is bounded by Kq, and 

po < diam(/"(5(x,(5))) < p; 

2. f''{B{x,KoS)) C V, IDf'ix)] > Po, the distoHion off" on B{x,koS) 

is bounded by Kq, and every connected component of D intersect- 
ing f'^{B{x,6)) is contained in f^{B(x, kqS)). 

Proof. Fix a compact neighborhood V of V contained in V. For each m > 1 
and each component W of f^"^{V), let W D W be the components of 
f~"^(y) D f'^'iV) that contain W. By the Koebe principle there are con- 
stants Kq > 1, Ki > 1 and pi > such that if f"^\W is a diffeomorphism 
onto a connected component of V, then the following properties hold: 

(i) the distortion of f^\W is bounded by Ki; 

(ii) for each y eW we have \Df'^{y)\ > pi; 

(iii) dist{dW,W) > 2{ko - 1)'^ diam(VF). 

Since / is uniformly expanding on K(y)nJ{f), it follows that there is p2 > 
such that for each x' G </(/) and 5' G (0, p/2) such that B(x' , kq5') inter- 
sects K(y), there is an integer n > such that f"'{B(x', S')) D B(f"(x'), P2), 
such that diam(/"(a;', 6')) < p, and such that the distortion of /" on B{x', kqS') 
is bounded by 2. Replacing p2 by a smaller constant if necessary, we assume 
that {kq — l)p2 is less than the minimal diameter of the components of V. 

We will prove the assertion of the lemma with Kq = 2Ki and po = 
m.m{pi, K^^ P2}. Let x G J{f) and S > he given. If B{x,ko5) in- 
tersects K(y), then the first alternative of the conclusion of the lemma 
holds by the definition of p2- So we assume that B(x,ko6) does not inter- 
sect K{V). If B{x,KoS) C V and B{x,ko6) (f. D, then we put m = 0, 
and we denote by Wq the connected component of V containing B(x,kqS). 
Otherwise there is an integer m > 1 such that f"^{B{x, kqS)) C V and 
such that f^ maps a neighborhood of B{x, kqS) diffeomorphically onto a 
connected component of V. We assume that m is the largest integer with 
this property, and let Wq be the pull-back of V by that contains x. In 
both cases the distortion of f"^ on B{x, kqS) is bounded by Ki, and we have 
f"^{B(x, kqS)) C V and f"^{B{x, kq5)) <f. D. If every connected compo- 
nent of D intersecting f"^{B{x,6)) is contained in f"^{B{x, kqS)), then the 
second alternative of the conclusion of the lemma holds with n = m. Oth- 
erwise there is a connected component W of D that intersects f"^(B(x,5)) 
and that it is not contained in f"^{B{x, kqS)). Let us prove that the first 
alternative of the conclusion of the lemma holds for some n > m + m{W) 
in this case, where m{W) is the canonical inducing time of W with respect 
to {V,V). Indeed, W := (/""iWo)"^ {W) is a pull-back of V by 
such that f^'+^iw) 

maps a neighborhood of W' diffeomorphically onto a 
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connected component of V. Since W'r]B{x, (5) 7^ 0, by the definition of kq it 
follows that B{x,6) C W', so the distortion of f'^+'<^^\B{x,5) is bounded 
by Ki. On the other hand, by the choice of m, we have B(x, kq6) ^ W. If 
diam(Vl^') < (kq — 1)6, then the first alternative holds with n = m + m(VF). 
Indeed, diam(/"(S(x, (^))) > K{^{kI - diam(/"(W"')) which implies 
diam(/"^(i3(x, 5))) > K^^p2 since f^{W') is a component of y. Suppose 
now diam(l^') > {k^ - 1)6. Then B{x,ko6) C W^', so kq^) 
has distortion bounded by Ki. Moreover, the set f'^^'^^^\B{x, kq^)) in- 
tersects dV C K(V), so the first alternative holds by the choice of p2- D 

In the case of complex rational maps, the following lemma is an easy 
consequence of f PRL07| Lemmas 6.3]. The proof extends to the case of 
interval maps without change. Recall that for a nice set V we denote by £y 
the collection of components of dom(/) \ K(y), where K(y) is as in (|3.ip . 
For each element U of £,Vi there exists a unique integer 1{U) > such that 
j'(f^) maps U diffeomorphically onto a component of V. 

Lemma 3.11. Let f ^ £/ be expanding away from critical points. Then for 
each nice set V for f there exists ao G (0, HDhyp(/)), Co,£q > such that 
for every integer m > we have, 

(3.5) J2 diam(C/)"« < Cq exp(— eo^T-). 

C/G£v, l{U)>m 

Moreover, if Crit'(/) ^ 0, then for each conformal measure supported 
on J{f), there exists C > and k G (0, 1) such that for each integer m > 
we have 

{{z G J{f) : z, fiz), . . . , f^-\z) ^ V}) < C'k^. 

Proof. Let Vq be a sufficiently small neighborhood of Crit'(/) contained in V , 
such that for each c G Crit'(/) the set K := K{Vo) D J{f) intersects V. 
Thus each element of Sly intersects K. Since by hypothesis / is uniformly 
expanding on K, it follows that there are constants Ci, £1 > such that for 
each U G fiy we have diam(C/) < Ci exp{—£il{U)). 

By |PRLn7| Lemmas 6.3] there is oi G (0,HD(J(/))) such that, 

C2 := diam(C/)"S 

is finite. Fix oq G (ai, HD( J(/))) and put £q := ei(ao — ai). We thus have 
for every integer m > 0, 

diam(C/)"o < max diam(C/)"o-"i ^ diam(C/)"i 

UeS.v, l{U)>m U£2v, l(U)>m 

< C72Ci"o-"^exp(-eom). 
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To prove the last assertion of the lemma, notice first that the exponent a 
of IX satisfies a > HDhyp(/) |McMnn) . 

so a > ao- Thus for every m > 1 
diam(f/)" < max diam(C/)"-"» ^ diam(C/)"° 

(7g£v, l(U)>m U€S,v, l{U)>m 

is exponentially small in m. Moreover ii{K[V)) = because / is uniformly 
expanding on K{V) R J{f). On the other hand, by the Koebe principle 
there is a constant Cs > such that for each U G we have ^{U) < 
C3 diam(?7)'^. Thus, the last assertion of the lemma follows from the first 
from the inclusion, 

{z G J(/) : z, f{z), r^\z) n C I K{V) U |J ^ 

\ U£S.vAU)>m 

□ 

3.6. Backward contracting maps. The following lemma is simple conse- 
quence of |LS08l Proposition 2]. 

Lemma 3.12. For each £ > 1 and k, £ {0,£^^) there exists r > 1 such 
that, if f G £/*{£) is backward contracting with constant r, then there is a 
constant C > such that for each subset Q o/dom(/) intersecting J{f) and 
each pull-back P of Q we have, 

diam(P) < Cdiam(/(g))'". 

Proof. Fix £ and k and assume that / G {£) is backward contracting with 
a sufficiently large constant r. By (the proof of) [LS08, Proposition 2], there 
exists C" > such that when Q = B{c,£) for some c G Crit'(/) and e > 0, 
then each pull-back P of Q satisfies diam(P) < C'e'^. 

For the general case, let us fix a small constant Eq > 0. Since / is uni- 
formly expanding on J(/) H -R'(-B(Crit'(/); eo/2)), we may assume without 
loss of generality that Q is connected and contained in S(c;eo)i for some 
c G Crit'(/). Let £1 G (0,eo] be the minimal such that Q is contained in 
the closure of B(c,£i), and write Q' = B{c,ei), Q" = B(c, 2£i). Provided 
that eo was chosen small enough, we have, 

diam(/(Q)) ^ diam(/(QO) ^ 
^ ' diam(Q) ^ diam(Q') ^ ^ ' 

Let P G ^n{Q) for some ?i > 1, and consider the chains {i^}^_Q, {i^'}"_Q 
and {Pj'}]=o with P = PoCP^C P^' and P^' = Q", P^ = Q', P„ = Q. If 
/" : Pq — )• Q" is a diffeomorphism, then /"I-Pq bounded distortion, so 

diam(P) _ diam(Q) _ diam(/(Q)) / diam(/(Q)) V 
diam(P^) ^ diam(Q') ^ diam(/(Q')) ~ \diam{f{Q')) ) ' 

which implies that diam(P) < C diam(/((5))'^ since diam(PQ) < C'ef. Oth- 
erwise, let m < n be maximal such that contains a critical point, say c'. 
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By the backward contracting property, we have diam(P^^]^) < 2eir ^ < Eq. 
Since /"~"^~^|-P^+x has bounded distortion, using (|3.6p we obtain 

diam(P^+i) X d^^^iPUi) ^l2{f{Q')) - diam(/(Q))r-\ 

which imphes that diam(Pm-i-i) < diam(/(Q)) provided that r is large 
enough. Since Pm C B{c',eQ), we may repeat the above argument with 
Q replaced by P^- By an induction on n, we complete the proof of the 
lemma. □ 

Given a nice set V, a component of the set /~^(dom(/) \ K{V)) Pi V 
is called a return domain. These are maximal pull-backs of V which are 
contained in V. Given A > we will say that V is X-nice if for return 
domain of F we have W C V and, 

mod(y; W) > A. 

The following is essentially a combination of |RL07| Proposition 6.6] and 
[BRLSvSnSI Lemma 3]. 

Lemma 3.13. Given i > 1 and A > 0, there is a constant r > 4 such that for 
every f £ ^(i) that is backward contracting with constant r, the following 
property holds. For every sufficiently small 6 > 0, there is a symmetric nice 
couple (y, V), such that V is X-nice, and such that for each c £ Crit'(/), 

B{c,rS/2) CV^ C B{c,r6), B{c,6) C C B{c,26). 

Proof. We assume that / is backward contracting with constant r > 2. Then 
there is a nice set V for / such that 

B{c,r6/2) CV^ C B{c,r6), 

see |BRLSvS08[ Proposition 3] in the case of interval maps, and |RL07[ 
Proposition 6.5] in the case of rational maps. For each c G Crit'(/), let 
be the union of B(c,6) and all the return domains of V which intersect 
B(c,5). By the backward contraction assumption, 14^* C B{c,26). In the 
real case, let = 14^* and in the complex case, let be the filling of Vc^*, 
i.e., the union of Vc^^. and the components of C \ V^^* which are contained 
in V. Then in both cases, is simply connected, C B(c, 26) d V^. Let 
V = UcGCrit'(/) t^^t ^^^^ X £ dV and k>l, f^{x) ^ V, hence 

(y, V) is a nice couple. Provided r is large enough, 

mod(i>'=; V') > (2Cax(/))~' log(r/4) 

is large. It follows that V is a A-nice set for a large A. Indeed, if ?7 is a 
return domain of V with return time s, then the pull-back of V by which 
contains U is either diffeomorphic or unicritical, and it is contained in V. 
By either Lemma [3.41 or Lemma [3.5| we obtain that mod{V; U) is large. □ 
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Definition 3.14. For a map / S =2/ and an integer m > 1 we will say 
that a pull-back W of an open set V by is a child of V if it contains 
precisely one critical point of /, and if f"^~^ maps a neighborhood of f{W) 
diffeomorphically onto a component of of V. We shall write mv{W) = m. 

In the case of interval maps the following lemma is a variant of |BRLSvS08[ 
Lemma 4]. 

Lemma 3.15. For each s > and i > I there is a constant r > 4 such that 
for every f & that is backward contracting with constant r, the following 

property holds. For each 6 > Q small there is a nice set V = UcGCrit'(/) 
such that for each c £ Crit'(/) we have, 

B{c,6) CV" C B{c,25), 

and such that, 

J2 diam(/(y))^ < 6^ 

Y: child of V 

Proof. Assume that / is backward contracting with a large constant r. By 
Lemma [3.13| for each 6 > small there exists a A-nice set V = UcGCrit'(/) 
such that for each c G Crit'(/) we have 

B{c,S) C C B{c,26), 

where A > is a large constant. Let us prove that the conclusion of the 
lemma holds for this choice of V. 

Take c G Crit'(/) and let yfc(c) be the k-th smallest child of V contain- 
ing c. By the backward contracting property, we have Yi{c) C B{c,2r~^5). 
Let Sk = my(yfc(c)). Then /'^'=(lfc+i(c)) is contained in a return domain 
of V, hence mod{V; f'^''{Yk-^-i{c))) > A. By the definition of child, Yk{c) is 
a unicritical pull-back of V. Thus by Lemma 13.41 or Lemma 13. 5| we obtain 
that mod(Y'fc(c); Yfc+i(c)) > A', where A' —t- 00 as A —t- 00. By Lemma l3.3| 
it follows that diam(yfc+i(c))/ diam(y^(c)) is small provided that r is large. 
The conclusion of the lemma follows. □ 

4. Polynomial shrinking of components 

In this section, we study the size of pull-backs of a small set. The main 
result is the following proposition, from which we shall derive Theorem lAl 

Proposition 4.1. For each i > 1 and kq G {0,£~^), there exists R > 3 
such that if f G ^ (i) is expanding away from critical points and backward 
contracting with a constant r > R, then the following holds. For any rjQ > 
sufficiently small there exist constants Cq, Aq > and for any chain {Wj}j^Q 

with Ws C B{Cut'{f),r]o), there exist an integer > such that 
(4.1) diam(M^o) < Co min {r-'^o'^, exp (-^(^(Aos + /x))} , 

where fi = mod(S(Crit'(/), 3?7o); W^). 
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The proof of this proposition in the real case is more complicated than in 
the complex case. We shall state and prove a preparatory lemma for the real 
case. The readers who are only interested in the complex case may skip this 
part. 

Definition 4.2. Consider / G s^-r. A sequence {UjYj=Q of open intervals is 
called a quasi-chain if for each < j < s, the set Uj contains a component of 
The order of the quasi-chain is the number of j € {0, 1, . . . , s — 1} 
such that Uj contains a critical point. 

Given a chain {VjYj=Q-, we can construct a quasi-chain {VjYj=Q with Vj D 
Vj as follows. First of all Vi = Vj. Once Vj has been defined for some 
1 < J < t, let be the component of /"^(V^) which contains V^-i, and 

let 

-r- \ B{c; \ Vj\) if Vl'_^ contains a unique critical point c; 

Vj—\ = i ■' 

\V^_i otherwise. 

Note that Vj-i contains a component of /~^(V^) and in the former case, Vj-i 
is the component of f~^{{Vj)^) which contains c, where V'j is as in (|3.2p . We 
shall say that {V^}*-^q is the preferred quasi-chain for the chain {Vj}*-^g. 

Lemma 4.3. Consider a map f £ which is normalized near critical 

points and fix kq £ (0,1"^). For each r/o > small enough the following 
holds. Let {Vj}j^Q and {WjY=o be chains with Vj D Wj, for j = 0,1, . . . , s, 

and such that Vs C i?(Crit'(/), Sryo); cLnd let {VjYj=Q and {WjYj=Q be the 
corresponding preferred quasi-chains. Assume that Vj D Crit(/) = for all 
1 < j < s. Then 

mod(yo;t^^o) > Komod{Vs;Ws). 

Proof. Let A = Ikq G (0, 1) and let r/ > be the constant given by part 1 
of Lemma 13.51 Assuming that r/o is sufficiently small, we have |Vi| < r/ 
since / has no wandering interval. By construction, Vj = Vj, Wj = Wj 

for all j = l,2,...,s. U Vq n Crit(/) = 0, then Vq = Vo, Wo = Wq, and 
Z'' : Vo — 7- is a diffeomorphism, so the desired inequality follows from 
part 1 of Lemma 13.51 In the case Vq D Crit(/) 7^ 0, we have 

mod(Vi;Tyi) > Xmod{Vs;Ws). 

Moreover, by part 2 of Lemma 13.51 we have 

(4.2) mod(yo;^^o) > mod(yi; Wi). 

Combining these two inequalities above gives us the desired estimate. □ 

Proof of Proposition \4. 1\ Fix kq £ (0,^~^) and assume / is backward con- 
tracting with a sufficiently large constant r so that the conclusion of Lemma r3.12l 
holds with K = Kq. Let r/o > be a small constant such that for all 5 S (0, ryo)) 
each pull-back W of B{Cmt'{f),r6) with dist(Ty, /(Crit'(/))) < -5 implies 
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diam(l^) < 5. Moreover, when considering an interval map, we assume that 
/ is normahzed near critical points (after a conjuagcy) and reduce 770 if 
necessary so that Lemma [4.31 holds . 

Let ti < t2 < ■ ■ ■ < tk = s he all the positive integers such that /*'(Wo) ^ 
B(Crit'(/),??o) / 0- For i = 1,2,... let {Y/}%o be the chain with 
y.*' = B{ci,37]o) and y.° D Wq and write Yi = Y^. For 1 < i < k and 
< j < ti, let Yi' = Y^ in the complex case; and let {l^"'}j=o ^® 
preferred quasi-chain for {l^"'}j=Q in the real case. Moreover, let Wj = Wj, 

J = 0, 1, . . . , s in the complex case; and let {PFj}j^Q be the preferred quasi- 
chain for {Wj j^^Q in the real case. 

Let be the order of the (quasi-)chain {1^"'}*'^q and let u = max^^j^ fj. 
We first prove there exists a constant Ci > such that 

(4.3) diam(VFo) < diam(lyo) < Cir''''"'. 

Indeed, take iq £ {1,2,..., A:} such that 1^ = and let < jo < Ji < 
• • • < ju-i < ju = ti be the integers such that Y-^^ intersects Crit'(/), 
m = 0, 1, . . . , z^. Then by the backward contracting property (and the con- 
struction of the quasi-chains in the real case), we prove inductively that 
yj-^-m ^ 5(Crit'(/),3r-™?7o). In particular, Y^" C S(Crit'(/), 3r-^r/o). By 
Lemma [3.12( we obtain (14. 3p . 

Next, let us prove there exists constants C2, Aq > such that 

(4.4) diam(Wo) < C2 exp{-K[;(^os + /i)}. 

To this end, let Di := Y^J^-^ for i = 1,2, . . . ,k — 1, let = Ws, and put 
^li = mod(5(Crit'(/), 3r/o); A), for i = 1, 2, . . . , fe. 

So fik = fJ'- 

For i £ {1, . . . ,k — 1} and ti < j < ti^i, the set Y-^_^_^ is disjoint from 
-B(Crit'(/), ?7o) so we have l^-^-^ = Y-'_^_-^^. Hence by the backward contraction 
property, A C S(Crit'(/), 2%) ^ 5(Crit'(/), 3?7o)- Moreover, since / is 
uniformly expanding outside B {Cut' (f) , ijq) , diam(Dj) is exponentially small 
in terms of tj+i — tj. For a similar reason, diam(li) is exponentially small 
in terms of ti. Thus there are constants Aq > and C3 > such that 

(4.5) > Aoiti+i - ti),i = l,2,...,k-l 
and 

(4.6) diam(yi) < C3 exp(-Aoti). 
In the complex case, by Lemma 13.41 we obtain that 

mod{Yi;Yi+i) > acI^^ mod(S(Crit'(/), 3%); A) > /^o/"*, 

where Yfc+i := Wq. This equality also holds in the real case by repeatedly 
applying Lemma 14.31 Indeed, if < jo < ji < • • • < jui-i < jui = ti are 
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the integers such that Y^^"" intersects Crit'(/), then for any m = 1, 2, . . . , fj, 
Y/"' C B(co,3r/o) so that 

mod(y/'" ; ) > ko mod(i;^'""^ ; Y^') . 
Thus in both cases, 

k k 
mod(yi;yA,.+i) > y^^mod{Yi;Yi+i) > Kg^^Uj. 

4=1 i=l 

By (14. 5p . this imphes 

mod{Yr,Wo) = mod{Yr,Yk+i) > 4iMs - h) + ^). 

Using (|4.6p and applying Lemma 13.31 we obtain (|4.4p . 

Combining the inequalities (|4.4p and (|4.3p . we obtain the inequality (|4.ip 
with Co = max(Ci, C2). □ 

Proof of Theorem [31 By the assumption that / is uniformly expanding out- 
side J(/)ni?(Crit'(/), ryo/2) there are constants p > and Ai > so that the 
following property holds: for every y G every integer t > 1 and every 

chain {W^Yj^o such that W/ = B{y,p), W^nB{Ciit' {f),r]o/2) / 0, and such 

that for every j £ {1, . . . , t — 1} the set Wj is disjoint from i?(Crit'(/), ?7o/2), 
we have 

W;, C 5(Crit'(/),r?o), and mod(5(Crit'(/), 3%); H^o) > ^i*- 

Let X G J{f), m > 1 and let W be the component of /^™(i?(/™'(x), />)) 
containing x. We shall prove that 

(4.7) diam(VF) < C min {r-'^o'^, exp (-Kq ''Am) } , 

holds for some integer > 0, where C,A>0 are constants. 

Consider the chain {VFjI^Lo with = B{f'^{x),p)) and Wq B x. If 

for every s £ {0, . . . ,m} the set Wg is disjoint from ii?(Crit'(/), ??o/2), then 
the desired inequality follows with u = {) from the assumption that / is 
uniformly expanding outside i?(Crit'(/), ?7o/2). So we suppose that there 
is an integer s € {0, . . . ,m} such that Wg intersects i?(Crit'(/), r/o/2), and 
assume that s is maximal with this property. By our choice of p we have Wg C 
S(Crit'(/),??o), and 

(4.8) /i:=mod(S(Crit'(/),3r?o);PF,) > Ai(m-s). 

Applying Proposition 14.11 to the chain {VFjjj^Q, we obtain a non-negative 
integer u such that 

diam(W^) < Co min {r"'^''^, exp (-Kq ^(Aqs + /i)) } , 

which together with (14. 8p implies that (14. 7p holds with A = m.\B.{AQ, Ai). 

To conclude the proof note that (14. 7p implies that for each /? < log r/(KQ ^ log 
we have diam(M^) < C(/3)m~^, for a constant C(/3) > independent of 
W. □ 
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5. Bounding the badness exponent 

This section is devoted to the proof of Theorem [B] We shall prove a 
recursive formula for the size of relatively bad pull-backs. 

5.1. Relatively bad pull-backs. Let / G jz/ and let Vq be a nice set for /. 
Recall that given an integer m > 1 we say that W G ^raiYo) is a bad pull- 
back of Vo by /"^, if for every integer m' G {1, . . . , m} such that (W) C Vq 
the pull-back of Vq by containing W is not diffeomorphic. 

For a subset V oi Vq and an integer m > 1, we say that a pull-back W 
of V by is had relative to Vq, if the pull-back of Vq by containing W 
is bad. Denote by !Bq^' = ^q{V) the collection of components of V; and 
for m > 1, denote by *B^^(y) the collection of all pull-backs of V by /"^ 
that are bad relative to Vq. Moreover, denote by ^^^'^(y) the collection of 
all elements W of '^^^{V) for which maps W diffeomorphically onto a 
component of V . Clearly for any integer m > 1 the following properties 
hold: 

-W£ W^{Vq) if and only only W is bad pull-back of Vq by /™; 

- for y C ^0 and G ^miV), W G 53^' (F) if and only if for any 
m' G {1, 2, . . . , m}, 14/^ is not contained in any diffeomorphic pull-back 
ofFoby/™'; _ 

- if y C y £ Fo and ly G 55^^^), then the component of /""(F) 
containing W belongs to ^B^^^H^)- 

Lemma 5.1. For every V <zVq and every m > 1, we have 

\y: child ofV J 

where m(Y) = mv(Y) is as in Definition \3.14\ 

Proof. For each W G *B^H^) \ ^m,o{V), there is m' G {1, . . . , m} such that 
the connected component Y of (V) containing J™-""^ (VF) contains a 
critical point of /. If m' is the minimal integer with this property, then Y 
is a child of F and m' = m(Y). li ml = m then W = Y; otherwise, we have 
W G ^B^'_,^, (y) since y C Vq. This proves that the set on the left hand side 
is contained in the set on the right hand side. 

To prove the other direction, we first note that by definition 5S^^o(y) C 
(^)- It remains to show that for a child YofVwe have ^m-m(y)(^) ^ 
(^)- Indeed, since Y contains a critical point of / we have Y G ^m(y)(^)' 
so the conclusion holds if m{Y) = m. Now assume that tuq := m — m(Y) > 
and consider W G *B^|, (Y). To prove W G *B^H^) let Wq be the pull-back of 
Vq by that contains W. Let m' G {1, . . . , m} be such that /""'(Wo) C Vq. 
If m' < tuq then the pull-back Vq by containing Wq is not univalent be- 
cause W G 53^1, (y) and Y (IVq. If m' > mo + 1, then the pull-back of Vq 
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by y"^'-™o containing f'^'^{W) is not diffeomorphic because it contains Y. 
This shows that W G *B^H^)- Thus ^Z-miY)0^) ^ (^)- ^ 

5.2. Proof of Theorem [B Fix / G j/, put r := and fix > 

sufficiently small so that for every S £ (0,(5o], every integer i > 1, if W 
is a pull-back of i3(Crit'(/), 2r*(5) by for some m > 1 and the pull- 
back W of i?(Crit'(/), (^) by f"^ containing W is diffeomorphic, then we 
have diam(VF) > A^^ ■ 2*diam(VF), where ^ > 1 is a universal (Koebe) 
constant. 

In the rest of this section we fix t > 0, and put i = £max(/) hi the complex 
case and i = 2 in the real case. We assume that / is backward contracting 
with a large constant r so that the conclusion of Lemma 13.151 holds with 

(5.1) S = t/{AirnUf)) 
and so that 

(5.2) {2r-^Y <e-= {l - 2-*/^^ . 

So reducing (5o > if necessary, for each integer n > there exists a nice 
set Vn = UceCrit'(/) that for each c G Crit'(/) we have 

5(c,r%) cV;^CS(c,2r"5o), 

and 

diam(/(y))^ < (r"5o)^ 

Y: child of Vn 

Note that for each integer n > 0, and each child y of V„, we have diam(/(y)) < 
(2r^^)r'^(^0j hence 

di^m{f{Y)f^ < (2r-V"5o)^ diam(/(y))^ 

Y: child ofVn Y: child of Vn 

It follows that for each integer n > 0, 

(5.3) Y diam(/(y))2^ < e{T^5of'. 

Y: child of V„ 

Given an integer m > and a subset y of Vq we put 

m—1 

Et{V,m) := Y dv{W)di&m{WY, 
j=o we<Bf\v) 

and 

m—1 

El{V,m) ■.= Y Yl dy(W^)diam(T^)*. 

j=0 We<BY\V)\<B'j<^liV) 
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Note that by definition 5^(1/, 0) = and that for V C V C Vq such that 
every connected component of V contains at most one connected component 
of y, we have that for each j > and W £ ^j{V), 

(5.4) ^ d^{W)<dviW). 

In particular, we have that for each m > 0, 

Et{V,m) < Et{V,m). 

Lemma 5.2. Under the above circumstances, for each integer m > 1 we 
have 

(5.5) Et{Vo,m)< Yl diam(yo')* + Yl ^t{Y,m-l), 

c6Crit'(/) Y: child of Vq 

and for each n> 1 we have 

n-l 

(5.6) Hi(K,m)<A*^~J]2(*+i-")* Y ^t{Y,m-l). 

i=0 Y: child of Vj 

Proof. 

1. To prove the first assertion observe that by definition no univalent pull- 
back of Vq is bad relative to Vq, so *B5f^(Vb) = for all j > 1. Thus, by 
Lemma [5.11 we have 

Et{Vo,m)< Y diam(P7)*+ Y d{Y)Et{Y,m - mvo{Y)), 

WeWfl'^Vo) child of Vo 

where mvo{Y) > 1 is as in Definition 13.141 Since ?Bq'^'(Vo) is the collection 
of components of Vq, the desired inequality follows. 

2. To prove the second assertion fix n > 1. For W G ^Y^i^n) and i G 
{0, . . . ,n — 1} denote by be the component of f~-'{Vi) containing W. 
Thus G OSfH^i), and by definition ^'^UVq). We denote by i{W) 
the largest integer i G {0, . . . , n — 1} such that Wj^l{Vi). 

2.1. Let us prove that for each i G {0, 1, . . . , n — 1}, 

m—l 

(^■^) Yl Yl dyJ^)diam(PF)* <^*-2(^+i-")*H*(1/i,m). 

i{W)=i 

To this end, we first prove that for each W G 5SJ'^'(T^) with i{W) = i, we 
have 

(5.8) diam(VF) < A • 2*+^-" diam(VF') 

Indeed, this is trivial if i = n— 1, and if i < n— 1, then 1^*+^ is a diffeomorphic 
pull-back of Vi+i, so 

diam(VF) < A ■ 2^+^-" diam(VF*+i) < A ■ 2*+^-'^ diam(VF*). 
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Together with (I5.4p , the inequahty (15. Sp imphes that for each j > and each 
W G WfiVi), we have 

dv,AW) diam(VF)* < dv,{W') diam(T4^')*^* • 2(*+i-")*. 

i{W)=i,W^=W' 

Summing over all W' C *B^'^^(1^) \ 5SJ-^^(1^), we obtain the inequahty (|5.7p . 
2.2. In view of Lemma 15.11 for each i G {0, . . . , n — 1} we have, 

^UV^,m)< dvAY)^t{Y,m-m{Y))<£ ^ EtiY,m-l). 

Y: child of Vi Y: child of 

Together with (|5.7p . this implies, 

n-l 

j=0 y: child of Vi 

□ 

Proof of Theorem\Bi Let C > be a sufficiently large constant so that, 

(5.9) Yl diam(yo'=)* < Cd^' (l - eiT"^'^ . 

ceCrit'(/) 

With the notation introduced above we need to show that 

lim Ht(Vo,m) < oo. 

m— >oo 

We will prove by induction in m > that for every n > we have 

(5.10) Ht(K,m) <C(r%)2^ 

which clearly implies the desired assertion. 

Since for each integer n > we have Hj(V^, 0) = 0, when m = inequal- 
ity (j5.10p holds trivially for every n > 0. Let m > 1 be given and assume by 
induction that inequality (|5.10p holds for every n > 0, replacing m by m — 1. 

Fix i > 0. Let us prove that 



(5.11) Y ^t{Y,m-l)<Ce{T'-^6, 



'-''of'- 



Y: child of Vi 



Indeed, for a child y of V^, letting k be the largest integer such that Y C V^, 
we have diam(/(y)) > t^^^6q. By the induction hypothesis, it follows that, 

Et{Y,m-l) < Et{Vk,m-l) < C{T^6of' < C (r'^ dmm{f {Y))f' , 
thus 

Y ^tiY,m-l)<C Y (^"'diam(/(y)))2^ 

Y: child of Vi Y: child of Vi 

which implies (|5.1ip by (|5.3p . 
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Taking i = in (15. lip , we obtain by (15. 9p and (15. 5p . 

'Bt{VQ.m)<C5l\ 

which proves (|5.10p for n = 0. By (|5.1ip and (|5.6p . for a given integer n > 1 
we obtain, 

n-l 

\2s 



1=0 

n-l 

2sNi+l— n 



i=0 



where we used r = 2"^™='''(-^) and s = t/(4^max(/))- Inequahty (|5.10p follows 
by applying (|5.2p . thus completing the proof of the theorem. □ 



6. Induced Markov mappings 

This section is devoted to the proof of Theorem O and Corollary [D] We 
shall first prove in ^6.11 the desired dimension estimate applying arguments 
in |PRL07| . see Proposition 16. II Then we proceed to the tail estimate, where 
a Whitney decomposition type argument originated in |PRL11| plays an 
important role. We first reduce the proof of Theorem O to Proposition 16.61 
in §6.2| and then give the proof of this proposition in §6.31 We also deduce 
Corollary [D] from Theorem [Cl in ^6.41 

We fix throughout this section a map / G s^* and denote by dom(/) its 
domain. 

6.1. Dimension estimate. Let us first prove the following: 

Proposition 6.1. Assume that f E £/* satisfies (5bad(/) < HD(J(/)). 
Then, 

HD(J(/)) = HD(Jeon(/)) = HDhyp(/), 

and for each sufficiently small nice couple {V,V) and each c G Crit'(/) we 
have, 

HD(J(F)nn = HD(J(/)), 
where F denotes the canonical inducing map associated with (V, V) . 

For an open neighborhood V of Crit'(/), let K(y) be as in ^3.11 It follows 
from the definition of ^* that K(y) D J{f) is a hyperbolic set for /. For a 
nice set V and m > 1, we use *Bm(^) to denote the collection of all bad pull 
backs of V by see Definition 12.101 

We need the following lemma. 

Lemma 6.2. For each f G jz/* we have 

HD(J(/) \ Jcon(/)) < <5bad(/). 
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Furthermore, for each nice couple (V , V) of f such that (5bad(^) < HD(J(/)) 
we have 

HD((J(/)nF)\ J(F)) <HD(J(/)), 
where F denotes the canonical inducing map associated with (y,V). 

Proof. To prove the first inequahty it is enough to prove that for each nice 
couple {V,V) for / we have 

(6.1) HD(J(/) \ Jcon(/)) < 5bad(^^). 

To this end, let N be the subset of (V D J{f)) \ J{F) of those points 
that return at most finitely many times to V under forward iteration, and 
let I = {{V n J(/)) \ J{F)) \ N. Note that for every x G / and every 
integer m > 1 such that /™(x) G V, the pull-back of V by containing x 
is bad. Therefore, for every integer m > 1 we have 

oo 

/cU^U 

The definition of badness exponent implies that HD(/) < 5bad(^)- 

Let us prove that N \ Jcon(/) is at most countable. Indeed, K(y) R J(/) 
is a hyperbolic set, hence K{V) PI J(/) C Jcon(/)- Since, 

oo 

(6.2) NC [jf-^{K{V)nJif)) 

n=l 

and since f~^{Jcon{f)) C Jcon(/) U Crit'(/), we conclude that N \ Jcon(/) C 
/~"(Crit'(/)) is at most countable. 
Since J(F) C Jcon(/) and K{V) H J{f) C Jcon(/), it follows that 

HD(J(/) \ Jcon(/)) = HD((J(/) \ Jcon(/)) H F) < HD(/) < (5bad(i^). 

This proves (|6.ip . hence the first equality of the lemma. 

To prove the last inequality we need the following result: for any hyper- 
bolic set A of /, HD(yl) < HDhyp(/). This is proved in |PRL07[ Lemmas 6.2] 
in the complex case, as a consequence of the (essentially) topologically ex- 
act property of the Julia set. The proof works without change for maps 
/ G Since Kiy) n J{f) is a hyperbolic set, by (16. 2p we conclude 

that HD(iV) < HD(J(/)). Since 

HD(( J(/) n V) \ J{F)) = RB{N U /) < max{HD(Ar), (^bad(^)}, 

5bad(^) < HD(J(/)) implies HD((J(/) n V) \ J{F)) < HD(J(/)). □ 

Proof of Proposition \6.1[ By Lemma [3.9| for a sufficiently small nice couple 
{V, V) we have (^bad(^) < HD( J(/)). By LemmaO it follows that HD( J(/)) = 
HD(Jcon(/)), and that, 

(6.3) HD((J(/) n V) \ J{F)) < HD(J(/)). 
Hence HD(J(F) n V^) = HD(J(/)) for each c G Crit'(/). 
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It remains to show that HDhyp(/) > HD(J(/)). To do this let D be 
the domain of F and consider an enumeration {Wn)n>i of the connected 
components of D. For each integer uq > 1 let be the restriction of F 
to IJn=i Then the maximal invariant set J{Fn) of F^ is contained in a 
uniformly hyperbolic set of /. Together with |MU03| Theorem 4.2.13] this 
implies that, 

HDhyp(/) > lim HD(J(F„)) = HD(J(F)) = HD(J(/)). 

n— >-oo 

□ 

Let us mention the following consequence of Lemma 16.21 and Theorem |B] 
to conclude this section. 

Corollary 6.3. Assume that f € ^ is expanding away from critical points 
and backward contracting. In the real case, assume furthermore that f is 
essentially topologically exact on the Julia set. Then 

HD(J(/) \ Jcon(/)) = 0. 

Proof. If Crit'(/) = then / is uniformly hyperbolic and the result is im- 
mediate. Otherwise the assumptions imply that / G £/* by Fact 12.91 By 
Theorem [B] (5bad(/) = so the assertion follows by Lemma 16.21 □ 

This was shown in [GS09| Proposition 7.3] for rational maps satisfying the 
summability condition with each positive exponent, and in jPRL07| §1.4] for 
rational maps satisfying the TCE condition. See also |Sen03| for related 
results in the case of Collet-Eckmann interval maps. 

Remark 6.4. A direct consequence of Corollary 16.31 and of |Ha"iOH Theo- 
rem 0.2] is that a backward contracting rational map that is expanding away 
from critical points, and that is not a Lattes example, has no invariant 
line fields and is quasi-conformally rigid. In fact, the conclusion of Corol- 
lary [6]3] shows that such a map is "uniformly weakly hyperbolic" in the sense 
of [HaiOl] . 

6.2. Tail estimate. Let us start with some notation. Given a nice couple 
(y, V), let *Bo(l^) = ^o(^) be the collection of the connected components 
of V, let ^miV), m > 1 be as before, and let 2,v be the collection of 
components of dom(/) \ K{V). 

For U G £y, let 1{U) = lyiU) denote the landing time of U into V. Then 
for each U G £y, there exists U D U such that /'^^^ maps U diffeomorphi- 
cally onto a component of V. Moreover, if [/ V, then U OV = f}>. 

For each Y G ^ffi(y) with m > 0, we use to denote the collection 
of all simply connected sets W for which the following holds: there exist 
Y dW dW andU £ ilv such that U C f{V) and such that f^+^ maps W 
diffeomorphically onto U and maps W diffeomorphically onto U. 

We will need the following lemma which is |PRL1H Lemma 3.4]. It is 
worth noticing that this is the only place where we use a nice couple, as 
opposed to a nested pair of nice sets. 
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Lemma 6.5. Let F : D ^ V be the canonical induced map associated 
to {V,V), let D be the collection of all the connected components of D and 
let m{x) be the canonical inducing time of x £ D. Then we have, 

oo 

s)=U U 

and for each m > 0, y G 53^(1/) and x £ D HY , we have 

(6.4) m(x) =m+l + /(/'^+^(x)). 

Proof. Clearly for each Y € ^m(y) and x €z W £ we have x € D and 
m{x) < m + 1 + /(/"^^^(x)). Moreover, if y G *Bm(^), then m{x) > fh, 
since Y is disjoint from any diffeomorphic pull-back of V by /™' for any 
m' < m. It follows that for Y £ 53^ (F), holds for all x G L» n y and 

Dp C 2). 

It remain to prove that a connected component W oi D belongs to S)^ for 
some y G ^fj^{V). If the canonical inducing time m{W) is the first return 
time of W to V, then /(VF) G £\/ and, if we denote by Y the connected 
component of V containing W, then W G Sy. Suppose now that m{W) 
is not the first return time of W to V, let n G {l,...,m{W) — 1} be 
the previous last return time of W to V, and put W' := /"(VF). As we 
clearly have f{W') G iiy; "we just need to show that the pull-back y of y 
by /" containing W is bad. Arguing by contradiction, assume the contrary. 
Then by Lemma 13. 8| Y is contained in a diffeomorphic pull-back of V by 
f^ for some j G {1, . . . ,n}. Then f-'iW) is contained in a component U of 
dom(/) \ K{V). Clearly j 1{U) < n, /J+'(^)(Ty) c V and /J+'C^) maps a 
neighborhood of W diffeomorphically onto a component V. This implies that 
the canonical time of W is not greater than n, which is a contradiction. □ 

The following proposition is a crucial estimate. 

Proposition 6.6. Assume that f G £/* satisfies the Q-Shrinking Condition 
for some slowly varying and monotone decreasing sequence of positive num- 
bers @ = {9n}'^=i- Then for each sufficiently small symmetric nice couple 
{V,V)forf, with6b.^d{V) < HDhyp(/), there exists G ((5bad(^), HDhyp(/)); 
such that for real numbers a,t, with 

a>ao, t G {6h^d{V),a), 

the following holds: There is a constant Ci > such that for y C y G 
^m(y) with m > and each integer m > 1 we have, 

(6.5) Yl diam(W^)" < CiD(y)diam(y) 
weT)Y,wcY 

m[W)>m 
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where D{Y) := d^{Y) \ \ogdy{Y) + ij and m{W) is the canonical inducing 
time on W with respect to {V,V). 

To prove this proposition, we will apply a technique based on a Whitney 
decomposition of the complement of the critical values of f"^~^^ : Y — )• f{V). 
The proof is rather long and we suspend it to ^6.31 and complete the proof 
of Theorem O and Corollary [D] now. 

Proof of Theorem\^ By Proposition 16. 11 the first part of the theorem holds. 
Now fix t G (5bad(/)j HD( J(/))), and assume that / satisfies the 0-Shrinking 
Condition for some slowly varying and monotone decreasing sequence of 
positive numbers Q = {9n}'^=i- Let {V, V) be a sufficiently small nice couple 
so that the conclusion of Proposition 16.61 holds and such that 5bad(^) < 
Such a nice couple exists by Lemma 13.91 Then, 

oo 

Co:=Y^ L>(y)diam(y)* < oo. 

Fix an integer m > 1, let D be the domain of the canonical inducing map 
associated to (V, V), and let S be the collection of its connected components. 
By Lemma 16. 5| 



(6.6) diam(W^)" = Y Yl diam(VF)". 

m,{W)>m. ™ m{W)>m 

Applying Proposition 16.61 with t replaced by t + a, we obtain that there is a 
constant Ci > such that for each integer m > and Y G *B^(1^) we have. 



Y diam(M/)° < CiD{Y) diam(y n YY+'' ( ^ 6, 

m{W)>m 



oo 

i 



W&tlY,WcY \i=m 



Combined with (|6.6p and the inequality diam(yny)*"'"'^ < diam(y)* diam(y)°', 
we obtain, 



Y diam(M^)° 



m{W)>m 



f-cr 



^ ^1 E E ^(^) diam(y)* diam(y)'^ ^ 

\m=Oyg»B-(y) / \i=m / 

This proves the desired upper bound with C = CqCi. □ 
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6.3. Proof of Proposition [GTGI The whole section is devoted to the proof 
of Proposition 16.61 By assumption, there exists Ci > and p > such that 
for any x € J{f) and any n > 1, the component of f~"'{B{f^(x),p)) that 
contains x has diameter not greater than CiOn- Let {V ,V) be a symmetric 
nice couple for / so that 5\,^^{V) < HDhyp(/) and V C B{Cnt' (f), p/i). Fur- 
thermore, let Kq > 1 and po S (0,/>) be the constants given by Lemma 13.101 
for this choice of {V,V) and p and let qq G (0, HDhyp(/)) and Co,eo > 
be the constants given by Lemma 13.111 for the choice of V. We fix a > 
t £ ((^badl^)) ck), an integer m > 0, a connected component Y of f~^{V), a 
subset Y of Y, and an integer m > 1. Put s := min{m — fh — 1,0}. 

Let be the set of all critical values of : Y — )• f{V). Since this 

map is a composition of uni critical maps, we have that for some C2 > 
independent of Y, 

(6.7) #E<C2ilogdiY) + l). 

We shall define a family ^ of intervals/squares (of Whitney type) which 
cover J(/) n f{V) \ E and then pull it back by /™ to obtain a family 3^ of 
subsets of y. For each P G we shall estimate the total size of elements 
of S)y contained in Y, which are roughly contained in P. For technical 

reasons, in the case that / is a rational map, we shall assume that f{V) is 
bounded in C. This assumption causes no loss of generality since we may 
conjugate / by a rotation in such a way that 00 is not in the closure of f{V)- 
We identify C with in the usual way. For an integer n, by a dyadic 
interval of (geometric) depth n, we mean an interval of M of the following 
form: [k ■ 2~", (A; + 1) • 2""), where k is an integer. A dyadic square of 
(geometric) depth n is the product of two dyadic intervals of the same depth 
in C. For a dyadic interval (resp. square) Q, we use dep{Q) to denote its 
depth. Moreover, we use Q" and Q' to denote the closed concentric interval 
(resp. square) such that, 

diam((5") = 2diam((5') = 4diam(Q), 

and use Q be denote the smallest dyadic interval/square with Q ^ Q. 

1. In the real (resp. complex) case, let =S be the collection of all dyadic 
intervals (resp. squares) Q such that 

Qnf{v)nJif)^9,Q" cf{v)\E, 

and such that Q does not satisfy these properties. Note that the elements 
of =S are pairwise disjoint, and that, 

(6.8) U QD{f{V)nJ{f))\E. 

On the other hand, by the maximality in the definition of it follows that 
there is a constant C3 > independent of Y such that for each Q G ^ we 
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have either, 

(6.9) g" n ^ / or diam(Q) > C3 min diam(y'=). 

ceCrit'(/) 

For each Q G =S, let '!^{Q) be the collection of all components of f~"^~^{Q)ri 
Y and let ^ = Uqg^ ^{Q)- Furthermore, for each P £ ^(Q) we denote 
by P' the pull-back of Q' by containing P. 

2. We will now complete the proof of the proposition in the special case where 
there exist Q G ^ and P G 3^{Q) such that Y d P' . We assume that there 
is at least one element of Dy contained in Y , otherwise the desired estimate 
is trivial. Let n be given by Lemma 13.101 with some x G Z := f"^^^{Y) and 
with 6 = diam(Z). Since there is at least one element of Dy contained in Y, 
it follows that Z contains an element of So we must fall into the first 
case of this lemma. Thus, the distortion of /" on y™+i(y) B{x,diam.{Z)) 
is bounded by Kq, and we have, 

/>o/(2Ko)<diam(r+"+i(y))<p. 

Since our hypotheses implies that the distortion of on Y is uniformly 

bounded, it follows that there is a constant C4 > independent of Y such 
that, 

diam(VF)" < C4 diam(y)" ^ diam([/)°. 

m{W)>m. i(c/)>m-{n+m+l) 

By Lemma 13.111 if we put rriQ := max{m- — (n + m + 1), 0}, then we have, 
diam(VF)" < C4C0 diam(y )" exp(-eomo) . 

weT)y,wcY 

m{W)>m 

Since diam(y) < Ci^^+m+i, the desired estimate follows in this case from 
the inequality diam(y)" < C"~* diam(y)*6'"~l^-^, and from the fact that 6 
is slowly varying. 

3. From now on we assume that for each P £ ^ the set Y is not contained 
in P' . This implies that there is a constant C5 > independent of Y such 
that for each P £ ^ intersecting Y we have, 

(6.10) diam(P) < C5diam(y). 

Fix a neighborhood Vq of Crit'(/) with Vq <£V. For each U E £y, choose 
a point Zfj £ U\E with f^^\zu) G Vq. By the Koebe principle, there exists 
K > such that for all U G i2y we have. 



(6.11) 



U D B{zu,Kdiam.{U)). 



42 J. RIVERA-LETELIER AND W. SEEN 

Recall that we have fixed an integer m > 1 and that s = min{m — m— 1, 0}. 
For Q e ^ and P G ^{Q), let 

£(Q; s) = {U£Zv:zueQ,Uc f{V),l{U) > s}, 

Sy{P; s) = {W e^y-.w cY,wnP^^, G £(Q; s)}, 

Q* = Q\J I IJ [/ I , and = P U I |J W 

\U£S.{Q;s) J \W(^T>y{P;s) 

Clearly f^+^{Pp) C Q* and by (f6TTO . we have 

(6.12) diam(P^) < (C5 + 1) diam(y). 
Furthermore, we put 

:={Q £ ^ : there is P G ^(Q) such that Dy (P; s) / 0}. 

Clearly each Q £ is such that £(Q; s) ^ 0. On the other hand, by iEM 
for each U S £y contained in f{V) and with ^(C/) > s, the point Zf/ is 
contained in a unique Q £ ^. Therefore we have 

(6.13) {W eSy-.W cY,m{W)>m}= \J (J Dy(P;s). 

4. For each Q ^ -^"^ fix xq G Q and let ng > be the integer given by 
Lemma 13.101 with x = xq and 5 = diam((5" L) Q*). Since Q* contains an 
element of £^1 we must fall into the first case of the lemma. So the distortion 
of f"-Q on the ball Bq := B{xq, diam(g" U Q*)), and hence on Q" U Q*, is 
bounded by Kq and we have, 

p>diam(r«(PQ)) >/5o. 

Since diam(Q')/ diam((5") is bounded independently of Y, it follows that 
there is a constant pi > independent of Y such that, 

(6.14) p > diam(/"«(Q*)) > pi. 

5. For each n > let = {Q £ : uq = n}. We will prove that there is 
a constant Cg > independent of Y such that for each integer n we have 

(6.15) <C6(#P + 1). 

To prove this, we decompose =Sn into the following subsets: 
^i = {Qe^tt :Q"ni? = 0}, 

^1 = {Q £ there is [/ € £(Q; s) such that [/ D Q"}, 

We first observe that from (16. 9p . and from the fact that the elements 
of £2 are pairwise disjoint, it follows that #=S^ is bounded from above by a 
constant independent of Y . 
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For Q £ -^i, there exists e £ E D Q". Clearly, for each e G E, 

contains at most one element Q with Q" B e. Thus < #E. 

To complete the proof (|6.15p . it suffices to prove that for each e £ E, the 
cardinality of =Sj^(e) = {Q £ : Q" B e} is bounded from above indepen- 
dently of Y. Since dist(e, Q)/ diam((5) < diam((5")/ diam((5) is uniformly 
bounded for Q £ ^^(e), the statement follows once we prove that any two 
elements Qi, Q2 of =Sj^(e) have comparable diameters. To prove this we first 
observe that, by (16. lip , for each Q £ the quotient diam((5*)/ diam((5) 
is uniformly bounded. On the other hand, for Qi,Q2 £ ■^ni^) the sets Q'/ 
and Q'{ both contain e, so the distortion of /" on Q'( U U Q2 U Q2 is 
uniformly bounded. Since furthermore, diam(/"'((5*)) x diam(/"((52)) ^ 1) 
we have diam(Q^) x diam((52)) ^iid hence diam((5i) x diam((52)- This 
completes the proof of (|6.15p . 

6. For Q £ ^f, put, 

(6.16) SQ := mi{l{U) : U £ £(Q; s)} G {s, s + 1, . . .}. 

For each U £ 2{Q; s) we have 1{U) > nq, since f''^^\U) contains a critical 
point, while U C Q*, so : U — )• f^'^{U) is a diffeomorphism. Thus 
SQ > UQ, rQ{U) £ and > sq - uq. 

Let us prove that there exist constant C7 > such that for each Q £ ^S" 
and P £ ^{Q) we have 

(6.17) Yl diam(W^)" < diam(Pi^)" exp(-eo(sQ - ng)). 
W£T)y{P;s) 

To this end, we first show that y"Q+™+i|p^ has uniformly bounded dis- 
tortion. Indeed, since f^'^^^Py) C Q*, and f^^\Q* has bounded distortion, 
it suffices to prove that f^+^lP^ has bounded distortion. Since Q"nE = 0, 
the pull-back of Q" by /"^+^ that contains P is diffeomorphic, so by the 
Koebe principle, has uniformly bounded distortion. Moreover, for 

each W £ Dy, U := f^+\W) £ fiy, /™+i+'(f^)-i|/J(l^) has uniformly 
bounded distortion for j = 0, 1, . . . , m -|- 1 + 1{U), since it extends to a diffeo- 
morphism onto the component of V that contains f^^\U){(Z V). Therefore, 
ym+i|^ has uniformly bounded distortion. It follows that has uni- 

form bounded distortion. ^ 

Consequently, there is a constant Cg > independent of Y such that, 

H/GS)y{P;s) l/e£(Q;s) 
Together with (|6.14p and Lemma 13. IH this implies (|6.17p . 

7. We are ready to complete the proof of the proposition. For P £ ^ with 
D^(P;s) / 0, let Q = f^+^{P) £ Since /"Q+^+i(p*) c P'^iQ*) and 
diam(/"'3((5*)) < /), we have 

(6.18) diam(P^) < Ci0„„+^+i. 
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So by fl6l2]) and flCTl) . if we put Cg = CriC^ + l)*Cf~* we have, 

^ diam(Ty)-<C9diam(y)*0^^^~^iexp(-6o(sQ-nQ)). 

M/GDy(P;s) 

This inequahty certainly holds also in the case S)y(P;s) = 0. For each 
Q G we have #^{Q) < dy{Y), so 

diam(VF)" 

< C,dy{Y) diam(y)*e^-^~_^, exp(-£o(sQ - uq)). 

Recall that for each Q G JS'^ we have sq > max(nQ,s). Thus, by (|6.13p we 
have, 

oo 

Y diam(Ty)<^ = E E E E diam(T^)" 
WCY 



< Cgd{Y) diam(y)* J2 exp(-eo niax(0, s - n)). 

n=0 

oo 

< ^9^6(^2 + l)D{Y) diam(y)* ^ exp(-eo max(0, s - n)), 

n=0 

where in the last inequality, we used (I6.15P and (16. 7p . The desired inequality 
follows from the fact that the sequence {On}'^^i is slowly varying. 
The proof of Proposition 16.61 is completed. 

6.4. Proof of Corollary [Dj The whole section is devoted to the proof of 
Corollary [D] The crucial step is to prove existence of a conformal mea- 
sure supported on Jcon(/) and the uniform estimate on its local dimension. 
The rest is a rather simple application of Young's result. We shall use the 
following lemma which is proved in |PRL07| Theorem 2] in the complex case. 

Lemma 6.7. Assume that f S £/* has a nice couple {V, V) such that the 
associated canonical inducing map F : D ^ V satisfies the following: 

1. For every c £ Crit'(/) we have HD(J(F) n V) = HD(J(/)). 

2. There exists a E (0, HD(J(/))) such that ^yy^^diam{W)'^ < oo, 
where D is the collection of components of D. 

Then there is a conformal measure fi of exponent HD(J(/)) for f which is 
ergodic, supported on Jconif), o,nd satisfies 

(6.19) HD(//) = HD(J(/)) and n{V \ D) = 0. 

Furthermore, any other conformal measure for f supported on J{f) is of 
exponent strictly larger than HD(J(/)) and supported on J{f) \ Jconif)- 
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Proof. First of all, it suffices to prove that there exists a conformal measure /x 
of exponent HD(J(/)), supported on Jcon(/) and that satisfies (I6.19p . The 
ergodicity of /j,, as well as the assertions concerning the other conformal 
measures, follow from the fact that fi is supported on Jconif), see |DMNU98| 
or |McMOO| . where only the complex case was considered, but the proof 
extends without changes to the real case. 

The following is a slight modification of the proof of |PRL07| Theorem 2], 
given for rational maps. The modification is necessary for the real case 
since it is a priori unknown whether / has a conformal measure of expo- 
nent HD(J(/)). As in the complex case, the assumptions imply that F 
has a conformal measure v of exponent Iq := HD(J(F)) = HD(J(/)), with 
v{J{F)) = 1, and HD(i/) = HD(J(F)). Note that we do not need F to be 
topologically mixing since HD( J(F) n V^) does not depends on c. 

Let G : dom(/) \ K(y) — t- V denote the ffist landing map to V, i.e., for 
each X £ dom{f)\K(V), G{x) = f^{x), where s is the minimal non-negative 
integer such that f^{x) G V. For each component W of dom(/) \ K{V), we 
define a measure I'w as follows: 

i,^(E)= [ iDiGlWy^f^'dfi, ior E CW. 
Jg(E) 

Since / is expanding outside the critical points, the distortion of G\W is 
bounded from above by a constant independent of W . Thus there is a 
constant C > such that i'w{W) < C diam(VF)*o for every component W 
of dom(/) \ K{y). Since YliW diam(VF)" < oo holds for some a < HDhyp(/) 
(Lemma 13.111 with m = 1), the measure fiQ := Y^^^ I'w is finite. Let fi be 
the normalization of /Uq. Then is supported on Jcon(/)) satisfying (I6.19p . 
It remains to show that is a conformal measure of exponent Iq: for any 
Borel set A C J{f) for which /|^ is injective, we have 

^i{f{A)) = [ IDfi'^df,. 

J A 

Indeed, by writing A as a finite union of subsets, we only need to consider 
the following cases: 

Case 1. ^ n {K{V) U {V \ D)) = 0. Then this equality holds, as shown in 
Cases 1 and 2 of the proof of Proposition B.2 of [ PRL07| . 
Case 2. A C K{V). Then the equality holds since both sides are equal to 0. 
Case 3. A is a finite set. As clearly has no atom, the equality holds. 
Case 4. A C V \ {D U Crit'(/)). In this case, iJ,{A) = 0, so we only need 
to prove n{f{A)) = 0. Since x G A has no good time, f{x) can only have at 
most finitely many good times, so either f{x) £ K{V) or G{f{x)) J{F). 
Thus G{f{A) \ K{V)) c V \ J{F), so ^(/(A)) = 0. 

This proof is completed. □ 

Proof of CorollaryWi 
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1. Assume > 1. Choose G (HD(J(/)) - e,HD(J(/)) - <5bad(/) - 
/?max(/)-^), t e ((^bad(/),HD(J(/))) and (3 e (0,/3^ax(/)) so that, 

/3(HD(J(/))-t-ao) > 1. 

Let (y, V) be a nice couple for / given by Theorem ICl for this choice of t and 
for = {n~^}^^i. Applying this theorem with a = HD(J(/)),cr = 0, m = 
1, and with Y equal to each of the connected components of V, we conclude 
that the nice couple (V, V) satisfies the hypotheses of Lemma 16.71 So, a 
conformal measure /i of exponent HD(J(/)) exists satisfying all the desired 
properties except that (|2.5p is to be shown. To do this, take p > and 
let pq, and Kq be given by Lemma 13.101 for this choice of p and (V, V). 
Given 6 > and x G J if), let n > be given by this lemma. In the first 
case of this lemma, it follows from the conformality of p and the distortion 
bound of /" on B{x,6), that there is a constant Cq > independent of 5 
and X such that, 

piB{x,5)) < Co6^^^-^^f^\ 

Suppose now that we are in the second case of Lemma I3.10| and denote by 2) 
the collection of connected components of D. Then, using p(y \ D) = 
(Lemma 16. 7p . we have 

p{nB{x,6))) < /^w^ E /^w- 

we'i),wnf"(B{x,5))y^tl) weX),wcf"{B{x,KoS)) 

Since for each W G D the map f™'(^')\W extends to a diffeomorphism onto 
a connected component of V, it follows from the Koebe principle that there 
is a constant Ci > such that for each W £ ^ we have, 

(6.20) p{W) < Ci diam(VF)™('^(^» . 

We thus have, 

p{riB{x,5))) <Ci Yj diam(VF)™(^(-^». 

we^,wcf"{B(x,KoS)) 

Applying Theorem O with a = HD(J(/)), a = ao,Y = P{B{x,ko5)), and 
m = 1, we conclude that there is a constant C2 > independent of 6 and x 
such that, 

piriB{x,6))) < C2dmmiriB{x,KoS))r < C!,dmmiriB{x,6))r, 

where C2 = C2{noKo)°''^ . By the conformality of p, the distortion bound 
of /" on B{x,6), and the fact that \Df{y)\ > po for all y G B{x,5), we 
conclude that there is a constant C3 > independent of 6 and x such that 
p{B{x,6)) < 036"°. This completes the proof of (1231) . 

The fact that either HD(J(/)) < HD(dom(/)) or J{f) has non-empty in- 
terior follows from the existence of a conformal measure supported on Jconif), 
see for example [GS09[ §8.2]. 

The assertions concerning conformal measures which are not proportional 
to p follow from Lemma 16.21 and Lemma 16.71 
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2. Assume -f{f) > 2, fix 7 G (0,7(/) - 2), and put 7 = 7 + 2. Taking t > 
5bad(/) closer to (5bad(/), and /3 G (0,/3max(/)) closer to /3max(/) if necessary, 
we assume that /3(HD(J(/)) — t) > 7. Applying Theorem O with a = 
HD(J(/)), cr = and with Y equal to each of the connected components 
of y, we conclude that there exists C4 > such that for each m > 1, 

00 

diam(T^)™(^(/)) <C,J2 n-^(™(-^(/))-*) 

WeTi,m(W)>m n=m 

00 

< Q ^ < 2C4m~^+^ 

n=m 

Thus by (|6.20p we obtain, 

H{{x G D : > m}) < 2CiC4m-^+\ 

Taking (y, V) smaller if necessary, we may assume that for some c G Crit'(/) 
the set 

{m{W) : W connected component of D DV^ such that F{W) = V^}, 

is non-empty and its greatest common divisor is equal to 1. This last result is 
proven in |PRL07[ Lemma 4.1] for rational maps and its proof works without 
change for interval maps in i/*. Then we proceed in a similar way as in 
the proof of Theorem B and Theorem C of |PRL07| . applying L.S. Young's 
results in |You99] to the first return map of to V^'^. □ 

7. POINCARE SERIES 

In this section we give the proofs of Theorems |El |F] and [Gl based on 
estimates of the Poincare series and their integrated versions, that we state 
as Propositions 17.11 and 17.21 

Fix / G £/. Recall that for s > and for a point xq G dom(/), the 
Poincare series of / at xq with exponent s, is defined as 

00 

'P{xo;s) = ^ 'Pm{xo;s), 

m=0 

where 

xe/-'"(a:o) 

Clearly, if is a conformal measure of exponent s without an atom, then 
d{{f'^)^^) / d^jL = Vm{', s) on a set of full measure with respect to /i. 
For a subset Q of dom(/) and an integer m > 0, let 

OmiQ) = sup{diam(P) : P G ^miQ)}, and e{Q) = sup e„(Q). 

m=0 
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Moreover, for s > we let, 

oo 

Xn{Q\ s)= Yl ^q(^) diam(P)^ and ^{Q; s) = ^m{Q; s), 

where dq is defined as in §2.2.21 Note that if x G J{f) is disjoint from the 
critical orbits, then 

V.m{x; s) = hm 



e->o diam(i?(x, e))* 

For z £ J{f) and m > 0, let 

(m 
z, [j /^■(Crit'(/)) 
j=0 

Let eo S (0, 1/2) be sufficiently small so that the constant K{2£o) given by 
the Koebe principle (Lemma 13. ip satisfies K{2eo) < 2, and put 

Given a nice set V, let 5So = ^o(y), and for m > 1, let 'Bm denote 
the collection of all elements Y £ ^m(y) which are bad pull-backs of V. 
Moreover, for s > 0, let 

oo 

s)= dy{Y) diam(y)^ ^''^"{V; s) = ^ ^^n'^iV; s). 

Our main technical results of this section are the following: 

Proposition 7.1. Assume that f £ £/* has a conformal measure of expo- 
nent Hq > (5bad(/)- Then for each sufficiently small nice couple {V^V), the 
following hold: 

1. For any s > ho and t G (0, s), there exists a constant C > such 
that for each z £ V J{f), we have 

oo 

(7.1) Viz; s)<CY -^t^V, t)U{zr-'^m{z)-'. 

m=0 

2. For each t G (0, /iq) there exists C > such that for each z G Vr]J{f) 
and each integer n > 1, 



(7.2) Vn{z;ho) <CY ^^'"'iV,t)Uizt"~'AUzy 



-ho 
m=0 

Proposition 7.2. Assume that f G i/* has a conformal measure /j, of ex- 
ponent /iQ > (^bad(/) such that /3max(/)(^o ~ '^bad(/)) > 1 ^.f^d such that for 
each open set U intersecting Crit'(/) we have fJ,{U) > 0. Then there exists 
6q > such that for each z G J{f) and each s > ho, 

^{B{z,6o);s) < oo. 
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Moreover, «/ ^(Jcon(/)) = 0, then we also have ^{B{z,5o)]hQ) < oo for 
each z £ J{f )- 

Notice that in the proposition above the conformal measure ^ might not 
charge 

We shall suspend the proof of these propositions until ^7.41 Let us now 
deduce from them Theorems [E ] [Fl and |G | in § ^7.H [7^ and [7?3| respectively. 

7.1. Proof of Theorem |El This section is devoted to the proof of Theo- 
rem El So assume that / G s^* satisfies 7(/) > 2. We put = HD(J(/)). 

Let p e (0,/3max(/)), t > (5bad(/), Q > q{f) and q' < p/{p - 1) be such 
that t + 2/3-1 < HD(J(/)), and 

h := ■^^{ho-{ho-t-2(3~^)/q) < /io - 5bad(/) - /3max 

We will prove that there is a constant Cq > such that for each Borel 
subset A of J{f), and each integer n > we have 

(7.3) ^(/-"(^)) < CoKfiA))'/'''. 

Note that this will complete the proof of the theorem. Indeed, this implies 

) n=0 

is such that for each Borel subset A of J(/) we have y'{A) < Cofj,{A)^^'^' . 
Thus v' is an invariant probability measure that is absolutely continuous 
with respect to /x, and since p < q' / (q' — 1) by our choice of q' , we also have 
that the density of u' with respect to // belongs to LP{^). By ergodicity of /i, 
we have v = v' . 

1. We first prove that there exists a constant Ci > such that for each 
Borel subset B of dom(/), we have 

(7.4) / A^^^i-V'/Orf^ < C7i(m + l);u(5)i/«'. 
Jb 

Indeed, since h < ho — 5bad(/) — /?max(/)~^) by part 1 of Corollary [D] there 
exists C2 > such that for each zq S </(/), we have 

dist{zo, z)~^dfj.{z) < C2. 

J(f) 

By Holder inequality, for each Borel subset B of dom(/), we have 
dist(zo,z)-'^(i-i/'?')(i^(z) < Cl'^^"' fi{B)'^/i' . 



Thus, the desired inequality holds with Ci = ^ Crit'(/)C2 ^^"^ ■ 



50 J. RIVERA-LETELIER AND W. SEEN 

2. Now let (y, y) be a sufficiently small nice couple so that (5bad(^) < t- 
Since / has a conformal measure of exponent /iq = HD(J(/)), by Proposi- 
tion [7]T] there exists a constant C3 > such that for each z £V 

n 

(7.5) Vn{z-M) <C^Y. ■^t"''{V:t + 2r^)U{zt'-'-^^"Xn{z)-^'. 

Let us prove that there exists C4 > such that 



Indeed, there exists a constant C5 > 1 such that for each z G V we have 

(7.7) A™+i(/(z)) < C5|D/(2)|A„(z). 

Since q > q{f), by our choice of Eq we have for some constant Cq > 0, 

Uiz) < em+i{Bifiz),2eo\Df{z)\A^iz))) < Ce{\Dfiz)\A^{z))'/'^. 

Inequality (|7.6p follows using (|7.7p . and the definition of h. 

3. Let {V, V) be as above. We prove that (|7.3p holds for all Borel sets 
A G V. Without loss of generality, we may assume that /|^ is injective. 
Then 



Vn{z;h 



Kr^{A)) = J^Vn{z;ho)df,{z) = J^^^^ [dJ{z)\IM '^^^ 
where w = f{z). By (|7.6p and (|7.4p . this implies 

/x(/-(A)) <C,Y^ ^^iy^^ 2/3-1) / A™+i(u;)-'^(i-W)d/,( 

t^r. J f(A) 



m=0 



Now fix P' G (/3, /3niax(/))- Then there is a constant C7 > such that for 
each Y £ *8m(V'), we have 

d(y) diam(y)*+2/^"' < C7d(y)diam(y)*(m + 2)-2^'^"\ 

which implies 

00 

l-2/3'/3- 



Cg := ^ if^-'i (i>; t + 2/3-1) (m+2) < J] ^^^^ (V; t) (m+2) 

m=0 m=0 

00 

< Cr^^-^i (y; t) X] (m + 2)'-^^'^~' < 00. 



m=0 

This proves that for Borel sets A C V, the inequality (|7.3p holds with Cq = 
C1C4C8. 

4. It remains to prove (|7.3p holds for all Borel sets A C J{f) \ V ■ The case 
n = is trivial, so we shall assume n > 1. For m > 1, let = {2: G -^(Z) '■ 
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z,f{z),...,r-\z) V} and = {z e : r-\z) e A]. Then for 
any n > 1, we have 

/-"(^) = An+i u ( u r^"\r\A^) n y) J . 

\m=l / 

By what we have proved in part 3, it suffices to show there exist Cg > and 
K G (0, 1) such that 

(7.8) ^,{A^) < CgK'^fiifiA)). 

To this end, let V <£Vhea nice set and let X'^ = {z e J{f) : z, f{z), . . . , /"""^(z) 
V'}. Then by the latter part of Lemma 13.111 /i(X^) is exponentially small 
in m. Clearly, there exists a small constant p > such that for each 
z € Xm, the map maps a neighborhood C/(2) of z diffeomorphically 
onto B{f"^{z), p) with uniformly bounded distortion, and such that U{z) D 
J if) CX'^. It follows that for w £ J{f), 

V*m{^;ho):= I^r(^)r'">^ E MU{z))<p(X'J. 

zex^,f"^{z)=w zeXmJ"'{z)=w 

Since 



lj{Am) = / 'P^{w,ho)dp{w), 
Ji{A) 

inequality (|7.8p follows. 

We have completed the proof of Theorem |E] 

7.2. Proof of Theorem [Fl This section is devoted to the proof of Theo- 
rem |F1 which is based on the following proposition. 

Proposition 7.3 (Poincare series). Assume that f £ £/* satisfies j{f) > 1. 
Then 5poin(/) = HD(J(/)). More precisely, we have 

1. For every xq G dom(/) that is not asymptotically exceptional, we 
have P(xo,HD(J(/))) = oo. 

2. There is a subset E of J{f) with HD(£^) < HD(J(/)) and a neigh- 
borhood U of J{f) such that for every xq € U \ E, and every s > 
HD(J(/)), the Poincare series V{xo,s) converges. 

Proof. By Corollary [Dl / has a conformal measure p of exponent HD(J(/)) 
which is supported on Jcon(/)- 

Part 1 follows from the existence of such a conformal measure, see for 
example [McMOOl Theorem 5.2]. 

To prove part 2, take to £ ('^bad(/),HD(J(/))) and f3 £ (0,/3max(/)) such 
that 7 = (HD(J(/)) - to)(3 > 1, and let h = HD(J(/))/7. Put 



Eq :— 

no 



n ( U U B{r{c),n-y^) y E^ = Eou({J r(Crit'(/)) ) 

iO>l \n>no cGCrit'(/) / \n=l / 
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Moreover, let (V, V) be a nice couple such that (5bad(^) < and put 

oo 

E = {K{v)nJ{f))u[Jf-^{E,). 

n=0 

Then HD(£;i) = RBiEo) <h< HD(J(/)), so }1D{E) < HD(J(/)). 

By the (essentially) topologically exact property of J{f), we have that 
IJl{B{x,5)) > for every x G Crit'(/) and every > 0. Let 6o > he the 
constant given by Proposition 17.21 for the conformal measure fi and /iq = 
HD(J(/)). Let U be the Jo-neighborhood of J(/). Reducing 6o if necessary 
we assume that U \ J{f) is disjoint from U^i /"■(Crit(/)). 

We first prove that for x £ U\J{f), and s > HD(J(/)), we have V{x, s) < 
oo. To this end, take z G J{f) such that x G B{z,5q), and take 5 > small 
such that B{x, 26) C B{z, 6o)\J{f). Then by the Koebe principle, we obtain 

V{x,s) >: ^s{B{x,d)) < ^,{Biz,5o)) < oo. 

To complete the proof, let us prove that ^^{x; s) < oo for all x G Jif) \ E 
and s > HD(J(/)). Since x K(V), there exists n > such that xq : = 
/"(x) G \ El. It suffices to prove that 'P(xo;s) < oo. To this end, we 
first observe that there exists a constant C{xo) > such that Am(xo) > 
C{xo){m + 1)"^/'' for all m = 0, 1, . . .. Next, letting t G (0, s) be such that 
/3{t — to) > s/h, we have that there is a constant Co > such that for each 

diam(y)*-*oA™(xo)-" < CoC{xo)~'m-'^^^-^°'^m'/'' < CoC{xo)-', 

so 

^^-<^(y;t)A^(xo)-^ < CoC{xo)-'^t^{V;to). 
By (|7.ip . we obtain that there are constants C,Ci > such that, 

oo 

V{xo;s) <CY, ^^"^(^^,^)Cn^(xo)^-*A^(xo)-^ 

m=0 

oo oo 

<CiY. ^^-^(y;t)A„(xo)-^ < CiCoC(xo)-^ ^ to) < oo. 

m=0 m=0 

□ 

Proof of Theorem\^ By Theorem [Cl and Corollary |D] we have HD(J(/)) = 
HDhyp(/), and there is a conformal measure of exponent HD(J(/)) sup- 
ported on the conical Julia set of /. On the other hand, by Proposition 17.31 
the Poincare exponent of / is equal to HD(J(/)). So, to complete the proof 
of the theorem it would be enough to prove BD( J(/)) < (5poin(/)- If J{f) has 
a non-empty interior, then there is nothing to prove. So let us assume the 
contrary. Then the Julia set has zero Lebesgue measure by part 1 of Corol- 
lary O In the case / G £/c, the conclusion then follows from |GS09t Fact 8.1 
and Lemma 8.2], in which BD(J(/)) = (5pom(/) was proved directly. The 
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proof extends to the case of / G ^s^^ with the following minor modifications 
and gives us the desired inequality: 

- Replacing / by another map with the same Julia set, we may assume 
that / has no neutral cycle, so that each periodic component of ^ := 
dom(/) \ J{f) contains a hyperbolic attracting periodic point; 

- Instead of taking one point Zj from each cycle of periodic components 
of we may need to take two points, as in the real case, we may only 
find a "fundamental domain" which is the union of two intervals; 

- Instead of the displayed formula (24) in page 392 of |GS09) derived 
from |GS98a| Lemma 7], we apply the Koebe principle and obtain a 
one-sided inequality: dist(y, J(/)) > C~^\Df'^{y)\~^ for y e f~"'{zj), 
where C is a Keobe constant. 

□ 

7.3. Proof of Theorem [Gl If Crit'(/) = then / is uniformly hyperbolic 
and the result follows easily from the removability result |JSOO| Theorem 5], 
see also [GS0 9' Fact 9.1]). The latter statement follows from the former one 
by Theorems |A]and[Bl by Fact[2J]and by i RL07| Corollary 8.3]. To prove the 
former statement assume /3max(/)(2 — (5bad(/)) > 1- By |JSOO| Theorem 5], it 
suffices to prove that for every x € J{f) there exists 6q = 5q{x) > such that 
^{B{x,6o);2) < oo. To do this, take (3 G (0,/3max(/)) and t > 5bad(/) such 
that /3(2 — t) > 1. Since the normalized Lebesgue measure is a conformal 
measure of exponent 2 and /^(Jcon(/)) = 0, Proposition 17.21 applies and gives 
us the desired property. 

7.4. Proof of Propositions [77T] and 17. 2i Let be a nice set. For each 
integer n > 1, each W G ^„(y) and each z £ V D J{f), let 

yef-'^(z)nw 

Moreover, for Q C ^ let ^wiQ) C ^n{Q) be the collection of components 
of /-"(Q) n W and let i^W(Q; s) = T.P^j,^iQ) dqiP) diam(P)^ 

Let 6o(V^) = ^o{y) and for n > 1, let <5niy) be the collection of all 
diffeomorphic pull-backs of V hy f^. For Q dV ^ define 

oo 

^n(Q) = U -^wiQ), and J^°{Q) = y 

Moreover, let ^°{Q; s), ^"{Q; s), P°(2; s) and V°{z; s) be defined in a self- 
evident way. 

Now let us prove Proposition 17.11 We start with a lemma proving upper 
bounds for and _Sf°. 

Lemma 7.4. Assume that f £ £/* has a conformal measure fi of exponent Hq 
that charges each open set intersecting Crit'(/). Then the following hold: 

1. For s > Hq, we have J^^iV] s) < oo; 
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2. sup-o^n(^;/io) <oo; 

3. If furthermore /i(Jcon(/)) = 0, then ^"(V; Hq) < oo. 
Proof. 1. Let us first prove 

(7.9) C := diam{Wy < oo. 

w&^°{vy,wcv 

Indeed, each W G ^°{V) with W GV is a component of dom(F") for some 
n > 0, and F^IVF has uniformly bounded distortion. So 

diam{Wp < C fi{dom{F'')) . 

W: component of dom(_F") 

Since diam(VK) is exponentially small in terms of n, the same sum, but with 
the exponent Hq replaced by some s > /iq, is exponentially small with n. 
Hence ([7^ holds. 

Let us spread the estimate to all W £ ^°{V). Let L : dom{f)\K{V) V 
denote the first landing map onto V. Since the distortion of L on each 
component of its domain is uniformly bounded, as above we obtain that 

diam([/)'"' < oo, hence Ci := ^ diam(;7)'* < oo, 

where £y denotes the collection of connected components of dom(/) 

Note that each W G ^°{V) is contained in some U G £y, and L{W) G 

^°{V). By the bounded distortion property of L, 

We.^°{V),WcU ^ ^ " We..£°{V);WcL{U) 

Since L{U) is a component of V, we obtain for some constant C3 > 0, 

< C3 ^ diam(C/)^ ^ diam(Ty)" < 00. 

ueZv w&^°{vy,wcv 

2. For each W G ^°{V), /" maps W diffeomorphically onto a component 
of V and the map has uniformly bounded distortion, so 

C"Miam(VF)''« < n{W) < C7diam(H^)^o, 

where C is a constant independent of W. It follows that 

ho) = diam{W)^'' < Cfi{dom{f)) < C. 

3. Arguing as in the proof of part 1, it suffices to prove that //(dom(F"')) 
is exponentially small in terms of n. But the assumption that //(Jcon(/)) = 
implies that for some uq > 1 and each component of ^1 ^(14\dom(i^"'0)) > 
0, hence by the Koebe principle, |u(dom(i^")) decreases exponentially fast. 

□ 
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Lemma 7.5. For each m > 0, W £ ^m(^) CL^d each s > t > 0, we have 

(7.10) ^wiQ; s) < dy{W) diam{WYem{QY'\ for a connected QcV 
Moreover, there exists C > such that 

(7.11) Vw{z; s) < CdyiW) diam{WYCm{zr-'Am{zr\ for z G J(/) n V. 

Proof. For each P € ^\y{Q), we have diam(P) < diam(VF) and diam(P) < 
^m(Q). Then mequahty (17.10p follows from, 

^w{Q;s)< dgiP) sup diam{PY < dy{W) sup diam(P)" 

To obtam (I7.1ip . observe first that each pull-back of B{z, Amiz)) by Z™" is 
diffeomorphic, so by the definition of Eq for each P G .y^rn{B{z,2£QAmiz))) 
we have, 

\Df^{if^\P)-Hz))\-' < (2eo)-Miam(P)A„(z)-i. 
So the inequality (iTTT]) follows from (iTTO]) with Q = B{z, 2eoAm(z)). □ 

Lemma 7.6. For any s > t > 0, there exists C > such that for each 
connected Q C V and z G V D J{f), we have 



(7.12) ^n{Q; S)<C'Y, ^"n-rn{y; t)^m(g)''* 

m=0 



(7.13) Vn{z; s)<C'J2 -^n-miV; s)^:^^\V; t)U{zy-' A^{z)-\ 

m=0 

Proof. For each W € ^„(y), let kiW) be the minimal integer in {0, 1, . . . , n} 
such that f^-K^) maps a neighborhood of W diffeomorphically onto a 
component of V and let Yw be the component of f~^^^){y) that con- 
tains /"-^(1^)(T^). Then Yw G '^k(W)iy)- Note that for each P £ Jlw{Q) 
we have P'j= /«-fc(l^)(p) c F. Indeed, if kiyV) = 0, then P' = Q C V; 
otherwise, Y^ is a bad pull back of V and hence P' C IV C y. Given 
A; G {0, 1, . . . , n} and [/ G ■-^^_i^(y), by Koebe principle and (|7.10p there are 
constants Cq > and Ci > such that, 

5^ ^w^(Q;s) <Codiam([/)^ ^ ^y(Q;s) 



WcUMW)=k 

< Ci diam(C/)^^^'^(y;t)0fe(Q)^-*, 

where in the second inequality, we used (|7.10p . Summing over all U G 
•^n-k^) ^^"^ then over all A; = 0, 1, . . . , n, we obtain (|7.12p . 

Repeating the argument, using (17.1ip instead of (17.10p . we obtain (17.13p . 

□ 
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Proo f of Proposition 1 7. 1[ Inequality (17. 2p follows from (I7.13P with s = ho, 
and from part 2 of Lemma 17.41 Again by (I7.13P , when s > ho we have 

oo oo oo 

n=0 n=Om=0 

oo oo 

n=0 m=0 

which implies (|7.ip by part 1 of Lemma 17.41 □ 

Proof of Proposition UTM Take < /3 < /3max(/) and t > (5bad(/) such that 
f3{ho -t) > 1. Let be so small such that (5bad(V^) < t and 6'(y) < 1. 

Fix a constant s > /iq if /^('^on(/)) > and s > ho otherwise. We first prove 
that there exists C > such that for any Q C V, we have 

(7.14) ^{Q-s) <Ce{QY-\ 

Indeed, in case s > /iq by part 1 of Lemma [7.41 and in case /u(Jcon(/)) = 
by part 3 of that lemma, we have ^°{V; s) < oo. So by (|7.12p . we have 

oo oo n 

n=0 n=0 m=0 

oo oo 

= CE E ^fc(^;s)^^"^(V';i)^m(Q)^-* < C^%V;s)^'^^{V;t)9{Qr-\ 

k=Om=0 

thus (1714]) holds. 

To prove the proposition, it suffices to show that each x £ J{f) has a 
neighborhood Bx such that ^[B^] s) < oo since J{f) is compact. 

By (17141) . < oo, so for x e F n J(/), we may take 5^ = V. 

For X G J(/) \ if(l^), letting n > be such that /"(x) S F and taking 
Bx 3 X such that f"'{Bx) C we have ^{Bx;s) < oo. So let us assume 

that X G n J(/). 

Let (5o > be sufficiently small so that every pull-back of B{x,26o) in- 
tersecting Crit'(/) is contained in V, and such that for every y E K{V) 
and every n > 1 the pull-back of B (f"' (y) , 25o) by /" containing y is dif- 
feomorphic. Let us prove that ^{B{x, 5o)', s) < oo. Let S)° be the collec- 
tion of all those pull-backs of B{x, 6o) such that the corresponding pull-back 
of i?(x, 25o) is diffeomorphic and let Sj' (resp. Sj") be the collection of all pull- 
backs oi B(x,26o) that are non-diffeomorphic (resp. that intersect Crit'(/)). 
Let W^: be a pull-back of V contained in B{x, 6o)- Then there is a distortion 
constant Cq > 1 such that, 

E dBix,So)iW)dmm{Wy < Co^{W,;s) < oo. 
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It is thus enough to prove that 

Yl ^s(Mo)(^)diam(Ty)" < oo. 
wesj' 

Not that for each integer n > 1 there is at most one pull-back of B{x, 2So) 
by containing a given clement of Crit'(/). On the other hand, since / 
satisfies the Polynomial Shrinking Condition with exponent f3, there is a 
constant Ci > such that for each integer n > 1 and each pull-back Q 
of B{x,26o) by /" we have e{Q) < Cin'^. Thus 

oo 

E (^(Qy~' ^ #Crit'(/)Cr*5^n-/5(*-*) < oo. 

Therefore, 

E rfs(.,6o)Wdiam(iy)^< J] 2W(/)^(Q;s) 

□ 
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